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ABSTRACT
In  c a l c u l a t i n g  t h e  r a d i a t i v e  r e c o m b i n a t i o n  c r o s s  
s e c t i o n s  f o r  i n t e r s t e l l a r  H I I  r e g i o n s  u s u a l l y  o n l y  t h e  
e l e c t r i c  d i p o l e  t e r m  i n  t h e  e x p a n s i o n  o f  t h e  i n t e r  a c t i o n  
H a m i l t o n i a n  i s  k e p t .  However ,  c o n d i t i o n s  p r e s e n t  i n  t h e s e  
r e g i o n s  p e r m i t  r e c o m b i n a t i o n  i n t o  h i g h l y  e x c i t e d  s t a t e s  and 
t h e  " e f f e c t i v e  s i z e "  o f  t h e  a tom i s  n o t  much l e s s  t h a n  t h e  
w a v e l e n g t h  o f  t h e  e m i t t e d  p h o t o n .  T h e s e  p h y s i c a l  c o n d i t i o n s  
do n o t  m e e t  t h e  r e q u i r e m e n t s  f o r  m a k i n g  t h e  d i p o l e  
a p p r o x i m a t i o n .  A h i g h e r  o r d e r  a p p r o x i m a t i o n  i s  t o  k e e p  an 
a d d i t i o n a l  t e r m  i n  t h e  e x p a n s i o n  o f  t h e  H a m i l t o n i a n ,  a n d ,  
t h e r e f o r e ,  t o  i n c l u d e  c o n t r i b u t i o n s  o f  q u a d r u p o l e  
t r a n s i t i o n s  i n  t h e  c a l c u l a t i o n  o f  t h e  p a r t i a l  r e c o m b i n a t i o n  
c r o s s  s e c t i o n s .  The d i p o l e  and q u a d r u p o l e  t r a n s i t i o n  
s t r e n g t h s  i n  c l o s e d  a n a l y t i c a l  f o r m  a r e  c a l c u l a t e d  u s i n g  t h e
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Coulomb wave f u n c t i o n s  b e c a u s e  r e s u l t s  f o r  any  e l e c t r o n  
e n e r g y  and f o r  r e c o m b i n a t i o n  i n t o  any a n g u l a r  momentum s t a t e  
o f  h y d r o g e n  a r e  n e e d e d .
S e v e r a l  i n t e r e s t i n g  e f f e c t s  a r e  f o u n d .  F i r s t ,  t h e  
t r a n s i t i o n  p r o b a b i l i t i e s  a r e  maximum f o r  r e c o m b i n a t i o n  i n t o  
s p e c i f i c  i n t e r m e d i a t e  a n g u l a r  momentum s t a t e s  a t  l ow 
e n e r g i e s  ( w<2eV ) and w h e r e  t h e  f r e e  s t a t e  a n g u l a r  momentum 
i s  g r e a t e r  t h a n  t h a t  o f  t h e  bound  s t a t e .  F u r t h e r ,  t h a t  
s p e c i f i c  i n t e r m e d i a t e  a n g u l a r  momentum s t a t e  d e p e n d s  on t h e  
k i n e t i c  e n e r g y  o f  t h e  f r e e  e l e c t r o n .  T h i s  b e h a v i o r  i s  i n  
c o n t r a s t  t o  t h e  " n o r m a l "  b e h a v i o r  o f  t h e  t r a n s i t i o n  
s t r e n g t h s  where  r e c o m b i n a t i o n  i n t o  s s t a t e s  i s  g r e a t e s t  and 
d e c r e a s e s  w i t h  i n c r e a s i n g  a n g u l a r  momentum.  S e c o n d ,  t h e  
q u a d r u p o l e  m a t r i x  e l e m e n t s  v a n i s h  f o r  c e r t a i n  v e l o c i t i e s  o f  
t h e  f r e e  e l e c t r o n .  T h i s  l e a d s  t o  minima i n  t h e  
c o r r e s p o n d i n g  q u a d r u p o l e  c r o s s  s e c t i o n s  when p l o t t e d  a s  a 
f u n c t i o n  o f  t h e  f r e e  e l e c t r o n ’ s k i n e t i c  e n e r g y .  F i n a l l y ,  
t h e  p a r t i a l  c r o s s  s e c t i o n s  f o r  h i g h l y  e x c i t e d  s t a t e s  a r e  
g r e a t e r  t h a n  p r e v i o u s l y  c a l c u l a t e d  b e c a u s e  o f  t h e  a d d i t i o n a l  
e f f e c t s  o f  t h e  q u a d r u p o l e  t r a n s i t i o n s .
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I .  INTRODUCTION
In t h e  r e g i o n  n e a r  a v e r y  h o t  s t a r ,  s u c h  a s  an 0 ,  B, A 
o r  W o l f - R a y e t  s t a r ,  t h e r e  a r e  c o n c e n t r a t i o n s  o f  i o n i z e d  
h y d r o g e n  a t o m s  known a s  H I I  c l o u d s  w h i c h  a r e  c o n s t a n t l y  
r e c o m b i n i n g  w i t h  f r e e  e l e c t r o n s  t o  f o r m n e u t r a l  h y d r o g e n  
[ 1 - 3 3 .  The d e n s i t i e s  o f  t h e s e  c l o u d s  r a n g e  f rom t e n  i o n s  
p e r  c u b i c  c e n t i m e t e r  i n  t h e  o u t e r  r e g i o n s  t o  t h r e e  t h o u s a n d  
i o n s  p e r  c u b i c  c e n t i m e t e r  n e a r  t h e  s t a r .  At d e n s i t i e s  b e l o w  
1 0 s i o n s  p e r  c u b i c  c e n t i m e t e r ,  h o w e v e r ,  c o l l i s i o n s  b e t w e e n  
i o n s  a r e  r a r e .  As a c o n s e q u e n c e ,  t h e  d o m i n a n t  me chan i s m f o r  
r e c o m b i n a t i o n  i n  t h e s e  low d e n s i t y  c l o u d s  i s  r a d i a t i v e  
e l e c t r o n  c a p t u r e  ( r a d i a t i v e  r e c o m b i n a t i o n )  i n  wh i ch  e n e r g y  
and momentum c o n s e r v a t i o n  a r e  m a i n t a i n e d  by an o u t g o i n g  
p h o t o n .  An a d d i t i o n a l  c o n s e q u e n c e  o f  a l ow c o l l i s i o n  r a t e  
i s  t h a t  an e l e c t r o n  t h a t  r e c o m b i n e s  i n t o  a v e r y  h i g h l y  
e x c i t e d  s t a t e  h a s  t i m e  t o  c a s c a d e  t o  l o w e r  l e v e l s  
r a d i a t i v e l y .  M o r e v e r ,  t h e  t e m p e r a t u r e s  o f  H I I  c l o u d s  v a r y  
f rom 3000 t o  15000  K, c o r r e s p o n d i n g  t o  f r e e  e l e c t r o n  k i n e t i c  
e n e r g i e s  o f  a few e l e c t r o n  v o l t s .  R a d i a t i v e  c a p t u r e ,  
t h e r e f o r e ,  o f  l ow e n e r g y  e l e c t r o n s  and  s u b s e q u e n t  r a d i a t i v e  
d e c a y  t o  l o w e r  e n e r g y  l e v e l s  a r e  d o m i n a n t  p r o c e s s e s  i n  H I I  
r e g i o n s .
R e c o m b i n a t i o n  t r a n s i t i o n s  f o r  t h e s e  u n u s u a l  p h y s i c a l  
c o n d i t i o n s  i n  H I I  r e g i o n s  h a v e  n o t  b e e n  a d e q u a t e l y  
d e s c r i b e d  i n  p r e v i o u s  t r e a t m e n t s .  N o r m a l l y ,  t h e  f u n c t i o n
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d e s c r i b i n g  t h e  e l e c t r o m a g n e t i c  wave i s  e x p a n d e d  i n  a T a y l o r  
s e r i e s ,  and a s s u m i n g  t h a t  t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  
r a d i a t i o n  i s  much l a r g e r  t h a n  t h e  s i z e  o f  t h e  r a d i a t o r ,  o n l y  
t h e  f i r s t  t e r m  i s  k e p t .  T h i s  i s  t h e  d i p o l e  a p p r o x i m a t i o n  i n  
wh i ch  e x p ( i k . r )  i s  s e t  e q u a l  t o  1 .  T h i s  c o n d i t i o n  i s  n o t  
m e t ,  h o w e v e r ,  f o r  c a p t u r e  i n t o  h i g h l y  e x c i t e d  s t a t e s ,  a s  c a n  
be  u n d e r s t o o d  by c o n s i d e r i n g  t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  
p h o t o n ,  A= h c / ( w  + R y / n 2 ) ,  w h e r e  w i s  t h e  k i n e t i c  e n e r g y  o f  
t h e  e l e c t r o n ,  n i s  t h e  p r i n c i p l e  q u an t u m  number  f o r  t h e  
bound s t a t e ,  and  Ry i s  t h e  i o n i z a t i o n  p o t e n t i a l  o f  h y d r o g e n .  
F o r  a g i v e n  e n e r g y  w t h e  w a v e l e n g t h  o f  t h e  p h o t o n  a p p r o a c h e s  
a maximum a s  n i n c r e a s e s ,  w h i l e  t h e  r a d i u s  o f  t h e  atom grows  
a s  n 2 . C l e a r l y  t h e  d i p o l e  a p p r o x i m a t i o n  f a i l s  b e c a u s e  t h e  
" e f f e c t i v e  s i z e "  o f  t h e  r a d i a t i n g  s y s t e m  g rows  a s  n 
i n c r e a s e s ,  b e c o m i n g  s i g n i f i c a n t l y  i n  e r r o r  a s  n a p p r o a c h e s  
20 .  We make t h e  n e x t  o r d e r  a p p r o x i m a t i o n  by k e e p i n g  an 
a d d i t i o n a l  t e r m  i n  t h e  e x p a n s i o n  o f  e x p ( i k . r ) :  t h a t  i s ,  we
p u t  e x p ( i k . r )  = 1 + i k . r .  The f i r s t  t e r m  y i e l d s  d i p o l e  
t r a n s i t i o n s  and  t h e  s ec o n d  l e a d s  t o  t r a n s i t i o n s  w h i c h ,  i n  
c l a s s i c a l  e l e c t r o m a g n e t i c  t h e o r y ,  i n v o l v e  e l e c t r i c  
q u a d r u p o l e  and m a g n e t i c  d i p o l e  m o m e n t s .  In a t o m i c  p h y s i c s  
t h e y  a r e  s i m p l y  c a l l e d  " q u a d r u p o l e  t r a n s i t i o n s "  [ 4 ] .
We c a l c u l a t e  e x a c t  t r a n s i t i o n  s t r e n g t h s  ( t h e  s q u a r e  o f  
t h e  m a t r i x  e l e m e n t s )  i n  c l o s e d  a n a l y t i c a l  f orm f o r  d i p o l e  
and q u a d r u p o l e  t r a n s i t i o n s  i n t o  a l l  bound s t a t e s  up t o  n=20 
and 1=19.  S i n c e  we u s e  e x a c t  Coulomb wave f u n c t i o n s  t o  
d e s c r i b e  t h e  unbound  s t a t e  t h e  r e s u l t s  a r e  v a l i d  f o r  any
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e n e r g y  o f  t h e  f r e e  e l e c t r o n .  We f i n d  t h a t  a t  e n e r g i e s  
g r e a t e r  t h a n  15eV r e c o m b i n a t i o n  i n t o  s s t a t e s  i s  p r e f e r r e d ,  
w h i l e  p r o b a b i l i t i e s  f o r  t r a n s i t i o n s  i n t o  s t a t e s  o f  h i g h e r  
a n g u l a r  momentum d e c r e a s e  w i t h  i n c r e a s i n g  1 .  A d e c r e a s e  i n  
t r a n s i t i o n  p r o b a b i l i t y  w i t h  i n c r e a s i n g  1 i s  a l s o  f ou n d  a t  
low e n e r g i e s  when l f <Ll, w h e r e  1 '  l a b e l s  t h e  a n g u l a r  momentum 
o f  t h e  f r e e  s t a t e ,  e x c e p t  when t h e  a n g u l a r  momentum o f  t h e  
i n i t i a l  s t a t e  o f  t h e  h y d r o g e n  a t om i s  g r e a t e r  t h a n  t h a t  o f  
t h e  f i n a l  s t a t e .  I n  t h a t  c a s e ,  t h e  p r e f e r r e d  r e c o m b i n a t i o n  
i s  i n t o  a s t a t e  t h a t  h a s  an i n t e r m e d i a t e  v a l u e  o f  1 .
In  a d d i t i o n  t o  t h i s  o r d e r i n g  o f  t h e  t r a n s i t i o n  
s t r e n g t h s ,  we h a v e  a l s o  f ou n d  t h a t  t h e r e  a r e  c e r t a i n  
e n e r g i e s  a t  w h i c h  t h e  t r a n s i t i o n  s t r e n g t h s  f o r  q u a d r u p o l e  
t r a n s i t i o n s  v a n i s h .  T h i s  v a n i s h i n g  o c c u r s  when t h e  f r e e  
s t a t e  o f  t h e  h y d r o g e n  atom h a s  t wo  u n i t s  o f  a n g u l a r  momentum 
more t h a n  t h e  f i n a l  s t a t e  and when t h e  f i n a l  s t a t e  i s  o n e  o f  
low a n g u l a r  momentum.  T h e s e  z e r o s ,  i n  t u r n ,  have  t h e  e f f e c t  
o f  p r o d u c i n g  mi n i ma  i n  t h e  c o r r e s p o n d i n g  q u a d r u p o l e  c r o s s  
s e c t i o n s .  T h e s e  mi n i ma  a r e  a n a l a g o u s  t o  t h e  Cooper  m i n i m a  
wh i ch  o c c u r  i n  t h e  p h o t o - i o n i z a t i o n  c r o s s  s e c t i o n s  f o r  some 
m u l t i - e l e c t r o n  s y s t e m s  [ 5 ] .  We a r e  a b l e  t o  p r e d i c t  a 
maximum numbe r  o f  z e r o s  by  i n s p e c t i o n  o f  t h e  f o r m u l a s  f o r  
t r a n s i t i o n  s t r e n g t h ,  b u t  we c a n  o n l y  show t h e i r  d e t a i l e d  
b e h a v i o r  by p l o t t i n g  them a s  f u n c t i o n s  o f  t h e  k i n e t i c  e n e r g y  
o f  t h e  f r e e  e l e c t r o n .  We show t h a t ,  a s  e x p e c t e d ,  t h e  
r e l a t i v e  i m p o r t a n c e  o f  t h e  q u a d r u p o l e  t r a n s i t i o n s  w i t h  
r e s p e c t  t o  t h e  d i p o l e  g rows  w i t h  n f o r  any  f i x e d  e n e r g y ,
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t h u s  i n c r e a s i n g  t h e  v a l u e s  o f  t h e  p a r t i a l  r e c o m b i n a t i o n  
c r o s s  s e c t i o n s .
In  C h a p t e r  I I ,  we s u p p l y  a b r i e f  d e s c r i p t i o n  o f  t h e  
Coulomb wave f u n c t i o n s ,  b o t h  bound and f r e e ,  and o f  t h e  
p e r t u r b a t i o n  t h e o r y  u s e d  t o  c a l c u l a t e  t h e  t r a n s i t i o n  
p r o b a b i l i t i e s .  We g i v e  a b r i e f  h i s t o r i c a l  r e v i e w  o f  t h e  
t h e o r y  o f  r a d i a t i v e  r e c o m b i n a t i o n  i n  C h a p t e r  I I I  and d i s c u s s  
t h e  c r o s s  s e c t i o n  f o r m u l a s  f o r  p h o t o - i o n i z a t i o n  and 
r a d i a t i v e  r e c o m b i n a t i o n ,  i n c l u d i n g  t h e i r  r e l a t i o n s h i p  
t h r o u g h  t h e  p r i n c i p l e  o f  d e t a i l e d  b a l a n c i n g ,  i n  C h a p t e r  IV.  
C h a p t e r  V p r e s e n t s  t h e  d e r i v a t i o n  o f  t h e  g e n e r a l  f o r m u l a  f o r  
t h e  t r a n s i t i o n  s t r e n g t h .  In  c h a p t e r s  VI and  V I I  we p r e s e n t  
t h e  r e s u l t s  o f  t h i s  d i s s e r t a t i o n  i n  t h e  f o r m o f  s a m p l e  
m a t r i x  e l e m e n t s ,  t r a n s i t i o n  s t r e n g t h s ,  and c r o s s  s e c t i o n s  
and d i s c u s s  t h e i r  i m p l i c a t i o n s .
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I I .  MATHEMATICAL AND PHYSICAL BACKGROUND
The s o l u t i o n s  o f  t h e  S c h r o d i n g e r  e q u a t i o n  f o r  an 
e l e c t r o n  i n  t h e  f i e l d  o f  a n u c l e u s  o f  c h a r g e  Ze and i n f i n i t e  
ma s s  a r e  p r o d u c t s  o f  s p h e r i c a l  h a r m o n i c s  and  s o l u t i o n s  o f  
t h e  r a d i a l  wave e q u a t i o n
E + Z R  - 1 ( 1 + 1 ) R  = 0 ,_   ^
r  r
( 2 - 1  )
wher e  t h e  e n e r g y  E i s  p o s i t i v e  i f  t h e  e l e c t r o n  i s  unbound 
( c a l l e d  " f r e e " )  and  n e g a t i v e  i f  i t  i s  b ound  [ 6 ] .  The e n e r g y  
e i g e n f u n c t i o n s  t h u s  f ou n d  a r e  c a l l e d  Coulomb wave f u n c t i o n s  
and s pan  b o t h  n e g a t i v e  and p o s i t i v e  e n e r g i e s .  T h u s ,  when 
t h e s e  wave f u n c t i o n s  a r e  u s e d  t o  d e s c r i b e  t h e  s y s t e m ,  t h e  
d i s t i n c t i o n  b e t w e e n  i o n i z e d  h y d r o g e n  and n e u t r a l  h y d r o g e n  i s  
p u r e l y  f o r m a l .  T h e r e f o r e ,  b o t h  bound and f r e e  s t a t e  wave 
f u n c t i o n s  a r e  w r i t t e n  a s  p r o d u c t s  o f  s p h e r i c a l  h a r m o n i c s  and 
t h e  a p p r o p r i a t e  s o l u t i o n  o f  t h e  r a d i a l  wave  e q u a t i o n  ( 2 - 1 ) .  
F o r  a r e c o m b i n a t i o n  p r o c e s s  t h e  e l e c t r o n  i s  i n i t i a l l y  f r e e  
so t h e  i n i t i a l  s t a t e  f u n c t i o n  i s
d R + 2 dR + 2
“ 2 --------
d r  r  d r
I i  > = i n ' l ' m '  > = R ( w l ' )  Y ( l ' m '  ) ,
w h e r e  E i s  p o s i t i v e ,  c o n t i n u o u s ,  and r e l a t e d  t o  t h e  quantum 
number  n '  by t h e  f o r m u l a  w=E=Ry/n'  z . T h e s e  e n e r g y  l e v e l s
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a r e  i n f i n i t e l y  d e g e n e r a t e  i n  1 '  and m’ . The f i n a l  s t a t e  f o r  
r e c o m b i n a t i o n  i s  a bound s t a t e :
! f  > = ! n 1 m > = R ( n l )  Y(lm)  ,
w h e r e  E i s  n e g a t i v e  and t h e  e n e r g y  l e v e l s  a r e  d i s c r e t e ,  
n - d e g e n e r a t e  i n  1 ,  and 2 1 + 1 - d e g e n e r a t e  i n  m.
In c o n s t r u c t i n g  t h e  s o l u t i o n s  t o  E q u a t i o n  ( 2 - 1 ) ,  we 
f o l l o w  t h e  t r e a t m e n t  o f  B e t h e  and S a l p e t e r  [ 6 ] .  A g e n e r a l  
s o l u t i o n  t o  t h e  wave e q u a t i o n  ( 2 - 1 ) ,  w h i c h  r e m a i n s  f i n i t e  a s  
r  b e c o m e s  i n f i n i t e l y  l a r g e ,  i s  o f  t h e  form
- e r
R ( r )  = e f ( r )  .
Here  £ = V - 2 E , and f ( r )  i s  a power  s e r i e s  wh i ch  c a n  be  
g e n e r a t e d  by a r e c u r r e n c e  r e l a t i o n
f ( r )  = r A £  a v r v 
V = 0
F o r  bound  s o l u t i o n s ,  E i s  n e g a t i v e  and s u b s t i t u t i o n  o f  f ( r )  
i n t o  t h e  wave e q u a t i o n  l e a d s  t o  t h e  p o s s i b i l i t i e s  A=1 o r  
A = - 1 - 1 .  Wi th  t h e  c o n d i t i o n  t h a t  f ( r )  r e m a i n  f i n i t e  a t  r = 0 ,  
A=1 i s  r e q u i r e d ,  and t h e  c o r r e s p o n d i n g  r e c u r s i o n  f o r m u l a  i s
I f  we r e q u i r e  £ = Z / n  t h e n
( 1 + v )  -  Z 
( 1 + v ) ( l + v + 1 ) - l ( l + 1 )
t h e  s e r i e s  w i l l  t e r m i n a t e .
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O t h e r w i s e ,  f ( r )  -  e x p ( 2 £ r ) , w i t h  t h e  c o n s e q u e n c e  t h a t  R(p)
~ exp(  £ r )  , w h i c h  d i v e r g e s  a s  r  b e c o m e s  i n f i n i t e l y  l a r g e .  
Wi th  t h i s  r e q u i r e m e n t ,  t h e  r e c u r r e n c e  r e l a t i o n  i s
av = - 2 £  av.1 ( n -  1 -  V )
( 21  + 1 + V )
With p = 2 0 r = 2 Z r / n ,  t h e  bound s t a t e  r a d i a l  wave f u n c t i o n s  c a n  
be w r i t t e n  i n  t e r m s  o f  a c o n f l u e n t  h y p e r g e o i n e t r i c  f u n c t i o n :
3 / 2  -  p / 2  1
R(P)  = C ( 2 c )  e P F ( - ( n - l - 1  ) , 2 1 + 1 , p )  ,
wh e r e
2
F ( a , b , x )  = 1 + a x + a ( a + 1 )  x +
b 1 ! b ( b + 1 ) 2!
R(P) can  a l s o  be  w r i t t e n  i n  t e r m s  o f  a s s o c i a t e d  L a g u e r r e  
p o l y n o m i a l s :
A — P A
L j ( P )  = d M La ( P ) ;  La (P)  = e P d e p  .
d p M d p A
( 2 - 2 )
By c a r r y i n g  o u t  t h e  i n d i c a t e d  d i f f e r e n t i a t i o n s  one  can  
i d e n t i f y  A = n+1 and M=21+1.  The r e s u l t i n g  f o r m u l a  f o r  t h e  
r a d i a l  wave f u n c t i o n  i n  t e r m s  o f  t h e  L a g u e r r e  p o l y n o m i a l s  i s
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R(p)
3/2
C ( 2 0  ( 2 1 + 1 ) !  ( n - 1 - 1 ) ! e
 2-----------
( n + 1 ) !
- P / 2  21+1
L (p)  . 
n+1
( 2 - 3 a )
N o r m a l i z i n g  t h e  wave f u n c t i o n s  t o  u n i t y  i n  t h e  u s u a l  ma nne r  
y i e l d s  t h e  c o n s t a n t  C:
Fo r  t h e  f r e e  s t a t e ,  £ = i , /2E = i k ,  and  t h e  s e r i e s  f ( r )  no 
l o n g e r  n e e d s  t o  t e r m i n a t e  t h r o u g h  a c h o i c e  o f  £ b e c a u s e  t h e  
f a c t o r s  e x p ( ± £ r )  i n  t h e  s o l u t i o n  f o r  R ( r )  r e m a i n  f i n i t e .  
U n f o r t u n a t e l y  A i s  n o t  an i n t e g e r ,  a nd  t h e  s o l u t i o n s  R ( r )  
c a n n o t  be  w r i t t e n  i n  t e r m s  o f  t h e  L a g u e r r e  p o l y n o m i a l s  when 
t h e s e  p o l y n o m i a l s  a r e  d e f i n e d  a c c o r d i n g  t o  E q u a t i o n  ( 2 - 2 ) .
By t h e  u s e  o f  C a u c h y ’ s t h e o r e m ,  h o w e v e r ,  an i n t e g r a l  
r e p r e s e n t a t i o n  o f  t h e  L a g u e r r e  p o l y n o m i a l s  c a n  be f ound  
which  a d m i t s  g e n e r a l i z a t i o n  f o r  n o n - i n t e g r a l  A a n d ,  t h u s ,  
makes  p o s s i b l e  a r e p r e s e n t a t i o n  o f  t h e  f r e e  s o l u t i o n s  t o  t h e  
r a d i a l  wave e q u a t i o n :
C = /  ( n + 1 ) !
/  ( n - 1 - 1) !  2n ( Z T + f ) !
( 2 - 3 b )
R( wl ' ) 1 / 2 )
- i n ' - 1 ' - 1  i n ' - l ' - l
( £ - 1 / 2 )  d£ .
( 2 - M )
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F i g u r e  2 - 1 .  I n  t h i s  f i g u r e  t h e  c o n t o u r  o f  E q u a t i o n  ( 2 - 4 )  i s  
r e p r e s e n t e d .  I n  a d d i t i o n ,  p a t h  b r e p r e s e n t s  an a s y m p t o t i c  
i n c o m i n g  wave w h i l e  p a t h  c r e p r e s e n t s  t h e  o u t g o i n g  wave.
T h i s  i n t e g r a l  r e p r e s e n t a t i o n  c a n  b e  c a s t  i n t o  two f o r ms  
o f  i n f i n i t e  h y p e r g e o m e t r i c  s e r i e s .  One f o rm i s  good f o r  a l l  
P b u t  i s  s l o w l y  c o n v e r g e n t  and a n o t h e r  fo rm i s  r a p i d l y  
c o n v e r g e n t  b u t  good  f o r  o n l y  s m a l l  p  [ 6 ] .
Now t h a t  we h a v e  d e s c r i b e d  t h e  i n i t i a l  and f i n a l  s t a t e s  
o f  t h e  h y d r o g e n  a tom we mus t  d i s c u s s  t h e  i n t e r a c t i o n  
H a m i l t o n i a n  r e s p o n s i b l e  f o r  t h e  t r a n s i t i o n s  b e t w e e n  t h e  f r e e  
and bound s t a t e s .
An e l e c t r o n  i n  a r a d i a t i o n  f i e l d  i s  d e s c r i b e d  by
2
-  ecp ,
where  A and cp a r e  t h e  v e c t o r  and s c a l a r  p o t e n t i a l s  o f  t h e  
e l e c t r o m a g n e t i c  f i e l d ,  e i s  t h e  c h a r g e  on t h e  e l e c t r o n ,  p 
t h e  c a n o n i c a l  momentum o f  t h e  e l e c t r o n ,  m i s  t h e  r e d u c e d
= J _
2m
p -  eA 
c
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ma s s  o f  t h e  s y s t e m ,  and c t h e  s p e e d  o f  l i g h t .  The p u r e  
r a d i a t i o n  f i e l d  which p e r t u r b s  t h e  a tom can be  d e s c r i b e d  in  
t e r m s  o f  t h e  v e c t o r  p o t e n t i a l  a l o n e  i n  t h e  Coulomb g a u g e  in  
w h i c h  V.A =0.  In t h i s  g a u g e ,  CD s a t i s f i e s  t h e  P o i s s o n  
e q u a t i o n
V  ( D  = un Ze S ( r )  ,
w h e r e  - Z e  i s  t h e  c h a r g e  o f  t h e  n u c l e u s ,  and t h i s  i m p l i e s  
t h a t
( D  = - Z e  .
r
The r a d i a t i o n  f i e l d  i s  t h e n  d e s c r i b e d  by a homo g e n e o u s  wave 
e q u a t i o n  f o r  A:
__ 2_ * 2
V  A -  1 O  A = 0
2 \  2 c Ot
T h u s ,  t h e  H a m i l t o n i a n  can  be  w r i t t e n  a s  f o l l o w s :
_2  2 _ 2 _ 2
H = p -  Ze + e A. p + e A
2m r  me 2mc
The f i r s t  two t e r m s  c o m p r i s e  t h e  u n p e r t u r b e d  H a m i l t o n i a n  and 
t h e  l a s t  two t e r m s  t h e  i n t e r a c t i o n  H a m i l t o n i a n  t h a t  a c c o u n t s  
f o r  t h e  p e r t u r b a t i o n  o f  t h e  e l e c t r o m a g n e t i c  f i e l d .  F o r  a
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s i n g l e  p h o t o n  p r o c e s s  t h e  t e r r a  c o n t a i n i n g  A.p i s  much l a r g e r  
t h a n  t h e  t e r m  c o n t a i n i n g  A2 . C o n s e q u e n t l y ,  t h e  t e r m  
c o n t a i n i n g  A 2 i s  i g n o r e d  i n  t h e  i n t e r a c t i o n  H a m i l t o n i a n .  
T h e r e f o r e ,  t h e  i n t e r a c t i o n  b e t w e e n  t h e  atom and t h e  
e l e c t r o m a g n e t i c  f i e l d  becomes
H ( r  a d ) = e A. p
me
( 2 - 5 )
The t r a n s i t i o n  p r o b a b i l i t y  p e r  u n i t  t i m e ,  a c c o r d i n g  t o  
F e r m i ' s  Go l d e n  R u l e ,  i s
2
W = 2n_ p(fiuj)  |< f  | H ( r a d )  j i  >1 S ( E ( i ) - E ( f ) - f n u )
ft
w h e r e  P(ftw) i s  t h e  d e n s i t y  o f  f i n a l  s t a t e s  and t h e  d e l t a  
f u n c t i o n  s p e c i f i e s  t h e  e n e r g y  o f  t h e  p h o t o n  e m i t t e d  f o r  t h e  
p r o c e s s  c o n n e c t i n g  s t a t e s  i i >  and ! f >.  In o r d e r  t o  f i n d  t h e  
t r a n s i t i o n  p r o b a b i l i t y  p e r  u n i t  t i m e ,  t h e r e f o r e ,  t h e  m a t r i x  
e l e m e n t  < f  | H( r a d ) j  i  > mus t  b e  c a l c u l a t e d  b e t w e e n  t h e  
i n i t i a l  and f i n a l  s t a t e s .  I n  o r d e r  t o  c a l c u l a t e  t h e  r a a t r i x  
e l e m e n t s ,  A b e c o m e s  t h e  e l e c t r o m a g n e t i c  f i e l d  o p e r a t o r  and p 
t h e  momentum o p e r a t o r .  The m a t r i x  e l e m e n t  c o n t a i n i n g  A.p 
c a n  be  r e l a t e d  t o  t h e  m a t r i x  e l e m e n t  c o n t a i n i n g  A . r  t h r o u g h  
t h e  c o m m u t a t i o n  r e l a t i o n s h i p  [ H , r ]  = - i f t p / m  i f  t h e  
u n p e r t u r b e d  H a m i l t o n i a m  i s  o f  t h e  form HQ = p 2/2m + V Q, and 
i f  Vq c ommut es  w i t h  r  C7 ] - The number  o f  p h o t o n  modes  f o r  
e a c h  p o l a r i z a t i o n  p e r  u n i t  e n e r g y  i n t e r v a l  i s  g i v e n  by
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2 3
0 ( E )  = iu L dO
3 3
8 n ft c
The t r a n s i t i o n  p r o b a b i l i t y  p e r  u n i t  t i m e  f o r  s p o n t a n e o u s  
e m i s s i o n  o f  l i g h t  i n t o  t h e  s o l i d  a n g l e  dfi  i s  t h e n
2 3 2
2n L d O  !< f  | H ( r a d )  ! i  > |  &(E ( i ) - E  ( f ) -ftw) ,
— 2------ 3------ 3--------
'n 8 n  c
where  t h e  i n i t i a l  and f i n a l  s t a t e s  a r e  d i r e c t  p r o d u c t s  o f  
t h e  h y d r o g e n i c  wave f u n c t i o n s  and t h e  p h o t o n  wave f u n c t i o n s :
! i  > 
I f  >
! n* 1* m’ > j N > 
I n  1 ;n > j N + 1 >
The e l e c t r o m a g n e t i c  f i e l d  o p e r a t o r  f o r  t h e  e m i s s i o n  o f  a 
p h o t o n  i s
■ f t
1 /  2 (A) i k . r
u> L
where  a |N> = N+1|N+1> and <Nj H>=1.  3y c o m b i n i n g  t h e s e
e x p r e s s i o n s  t o g e t h e r ,  t h e  e q u a t i o n  f o r  t h e  t r a n s i t i o n  
p r o b a b i l i t y  p e r  u n i t  t i m e  i s  a s  f o l l o w s :
3 _ _ 2
W = 2n L dfi  I Cnlin! <N + 1 I i e w  A . r  | N > I n 1 1 • m • > | &(E ( i ) - E  ( f )"2 3 r
ft 8 n c
s i n c e
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< N+1 i A i IJ > = < N + l I
one can  f i n a l l y  w r i t e
ti
ujL
1 / 2  (A) i k . r  +
c e_ e a | N > , 
k
3 ( a )  i k . r  2
W = w d O  | <n l rn ! ( e _ . r )  e i n ' 1 * rn' > i &(E ( i ) - E  ( f ) -fiu>) .
2 k
( 2 n )  c
( 2 - 6 )
T h i s  r e s u l t  i s  u s ed  b e l o w  t o  d e r i v e  t h e  p a r t i a l  c r o s s  
s e c t i o n  f o r m u l a  f o r  r a d i a t i v e  r e c o m b i n a t i o n  o f  e l e c t r o n s  and 
p r o t o n s .
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I I I .  HISTORICAL BACKGROUND
The f i r s t  a p p r o a c h  t o  t h e  s t u d y  o f  r e c o m b i n a t i o n  w a s ,  
o f  c o u r s e ,  a c l a s s i c a l  o n e ,  p u t  f o r t h  i n  1923.  K r a m e r s  
b a s e d  h i s  a p p r o x i m a t e  f o r m u l a  f o r  c r o s s  s e c t i o n s  on t h e  
c l a s s i c a l  r a d i a t i o n  o f  a f r e e  e l e c t r o n  c o l l i d i n g  w i t h  a b a r e  
n u c l e u s  [ 8 ] .  I t  was shown by G a u n t  t o  be  v a l i d  i n  t h e  
r e g i o n  o f  l a r g e  quan t um n um b e r s  C9 ] • The c l a s s i c a l  
c a l c u l a t i o n s  y i e l d e d  o s c i l l a t o r  s t r e n g t h s  g i v e n  by t h e  
f o l l o w i n g  f o r m u l a :
6
f ( n n ' )  = 2 1  1 1 ,
  - r - g ---------------2"| -------
3 / T  OJn  Ln + n ' J n n 1
where(JUn i s  t h e  r a t i o  o f  t h e  s t a t i s t i c a l  w e i g h t s  o f  t h e  
bound and f r e e  s t a t e s .  So n e a r  t o  a g r e e m e n t  a r e  t h e  
c l a s s i c a l  and  q u a n t um m e c h a n i c a l  c a l c u l a t i o n s  t h a t  i t  was
f o u nd  c o n v e n i e n t  t o  w r i t e  f ( n n ' )  = g j j f ' ( n n ' ) ,  wh e r e  f ( n n ' )
and f ’ ( n n ' )  a r e  t h e  c l a s s i c a l  and  qu a n t um m e c h a n i c a l  
o s c i l l a t o r  s t r e n g t h s ,  r e s p e c t i v e l y .  H e r e  g-j-j i s  a 
c o r r e c t i o n  f a c t o r ,  known as  t h e  G a u n t  f a c t o r .  I t  i s  
d e p e n d e n t  on  t h e  bound and f r e e  s t a t e  p r i n c i p a l  q u a n t u m  
nu mb e r s  and i s  u s u a l l y  c l o s e  t o  u n i t y .  The quan t um 
m e c h a n i c a l  c r o s s  s e c t i o n s  c a n  b e  r e l a t e d  t o  t h e  
K r a m e r s - G a u n t  f a c t o r  g j j ( n , k / 2 )  by t h e  f o r m u l a
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c 2
E C21+1) o  ( Z , k  ) T  n l
1 n
n g TT( n , k / 2 )  —rr — ---------- nn
Z 1 + /nka
T  r  21 3
m
wher e  0 " ( Z , k  ) i s  t h e  c r o s s  s e c t i o n  and k i s  r e l a t e d  t o  t h e
The e a r l i e s t  quan t um m e c h a n i c a l  c a l c u l a t i o n s  o f  t h e  
m a t r i x  e l e r a e m t s  and t r a n s i t i o n  s t r e n g t h s  n e c e s s a r y  f o r  
c a l c u l a t i n g  t h e  c r o s s  s e c t i o n s  wer e  c a r r i e d  o u t  i n  t h e  l a t e  
1 9 2 0 ' s  and e a r l y  3 0 ' s  by S u g u r i a  [ 1 0 ] ,  M o t t  [ 1 1 ] ,
O p p e n h e i m e r  [ 1 2 , 1 3 ] ,  Gordon [ 1 4 ] ,  G a u n t  [ 9 ] ,  Wes se l  [ 1 5 ]  and 
Morse and S t u k e l b e r g  [ 1 6 ] .  T h e s e  e a r l y  p a p e r s  p r e s e n t e d  
g e n e r a l  e v a l u a t i o n s  o f  t h e  n e c e s s s a r y  m a t r i x  e l e m e n t s  and 
t h e  r e s u l t s  a r e  i n  t e r m s  o f  h y p e r g e o m e t r i c  f u n c t i o n s .  
A p p l i c a t i o n s  o f  t h e  g e n e r a l  f o r m u l a s ,  t o  o b t a i n  c l o s e d  
a n a l y t i c  e x p r e s s i o n s ,  we r e  o n l y  made f o r  t h e  v e r y  l o w e s t  
v a l u e s  o f  n ( i . e .  S u g u r i a  and O p p e n h e i m e r ) ,  o r  in  c e r t a i n  
l i m i t i n g  c a s e s ;  M o t t  p r e s e n t e d  a s y m p t o t i c  e x p r e s s i o n s  f o r  
t h e  i n t e g r a l s  a t  l ow  and h i g h  e n e r g i e s  and  Morse and 
S t u k e l b e r g  p r e s e n t e d  r e s u l t s  f o r  up t o  n = 5 ,  b a s e d  on M o t t ' s  
a s y m p t o t i c  e x p r e s s i o n s .  A l l  c r o s s  s e c t i o n s  wer e  c a l c u l a t e d  
w i t h o u t  r e g a r d  t o  t h e  a z i m u t h a l  qu a n t um number  1 .
O p p en he i me r  a l s o  e v a l u a t e d  t h e  m a t r i x  e l e m e n t s  i n  c l o s e d  
a n a l y t i c a l  f o r m  by p u t t i n g  t h e  wave f u n c t i o n s  i n  p a r a b o l i c  
c o o r d i n a t e s ,  a p r o c e d u r e  w h i c h  a l s o  d o e s  n o t  r e t a i n  
i n  f o r m a t i o n  on 1 .
e n e r g y  o f  t h e  e l e c t r o n  by t h e  f o r m u l a  w = k ^ / 2 .
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B a t e s ,  Buc k i ngha m,  Ma s s e y  and Anwin [ 1 7 ]  c a r r i e d  o u t  
e x t e n s i v e  c a l c u l a t i o n s  f o r  t o t a l  c a p t u r e  c r o s s  s e c t i o n s  f o r  
t h e r m a l  e l e c t r o n s ,  b u t  a g a i n  t h e  d e p e n d e n c e  on a n g u l a r  
momentum i s  n o t  e x p l i c i t l y  c a l c u l a t e d .
O t h e r  e a r l y  r e s e a r c h e r s  s u c h  a s  Maue [ I d ] ,  C i l l i e  
[ 1 9 , 2 0 ] ,  Menze l  and P e k e r i s  [ 2 1 ] ,  and B a k e r  and Menzel  [ 2 2 ]  
e x t e n d e d  t h e  r e s u l t s  o f  G a u n t  [ y ] .  F o r  e x a m p l e ,  Menzel  and 
P e k e r i s  e x p a n d e d  t h e  h y p e r g e o m e t r i c  f u n c t i o n  i n  an 
a s y m p t o t i c  s e r i e s  and a p p l i e d  t h e  me t h o d  o f  s t e e p e s t  
d e s c e n t s  t o  o b t a i n  r e s u l t s  i n  c e r t a i n  l i m i t i n g  c a s e s .  The 
g e n e r a l  f o r m u l a  f o r  o s c i l l a t o r  s t r e n g t h ,  a s  g i v e n  by Menzel  
and P e k e r i s ,  f o r  b o u n d - f r e e  t r a n s i t i o n s  w h e r e  n and n 1 a r e  
t h e  b ou nd  and f r e e  s t a t e  r e s p e c t i v e l y  i s
-  F ( - n + 1  , - n ' , 1 , - 4 n n * / ( n * - n )  )
and w h e r e  F i s  t h e  o r d i n a r y  h y p e r g e o m e t r i c  f u n c t i o n :
2
F ( a , b , c , x )  = 1 + abx + a ( a + 1 ) b ( b + 1 ) x + . . . .
c c ( c+ 1  )
The K r a t n e r s - G a u n t  f a c t o r ,  gj-j , c a n  t h e n  be  i d e n t i f i e d  a s
f ( n  , n '
5 - 4 n ’ a r c t a n ( n / n ' )
2 e I A ( i n '  , n )  I
- 2 n n '
( 1 - e  )
whe r e
I A ( i n  ' , n )  I [
2 2
F ( - n 1+ 1 , - n , 1 ,  - 4 n n ' / ( n ' - n )  )
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- 4 n ' a r c t a n ( n / n ' )  
g „  = 3 n n '  e | A ( i n '  , n )  | .
11  2 2 - 2 nn'
( n '  + n ) ( 1 - e  )
When n i s  l a r g e  t h e  e x a c t  a n a l y t i c  e q u a t i o n s  become  s omewha t
cumber some  b u t  g c an  be  e x p a n d e d  i n  an a s y m p t o t i c  s e r i e s :
I I
2 4 2 2
gTT= 1 + 0 .  1 7 2 8 ( n k / Z - 1  ) -  0 . 0 4 9 6 ( n  k / Z + 4 k / 6 + 1  ) + . 
11 “372  2 372  4 7 3  2 473
n ( n  k / Z  + 1 )  n (n k /Z +1)
The a s y m p t o t i c  me t hod  e m p l o y e d  by Menzel  and P e k e r i s  k e p t  
o n l y  t h e  f i r s t  t e r m  i n  t h i s  e x p a n s i o n .
In  t h e  l a t e  1 9 5 0 ' s  new i n t e r e s t  a p p e a r e d  i n  t h e  s t u d y  
o f  t h e  r e c o m b i n a t i o n  s p e c t r u m  f o r  h y d r o g e n  g e n e r a t e d ,  
p e r h a p s ,  by t wo  i n c i d e n t s .  New d a t a  became a v a i l a b l e  t o  t h e  
s c i e n t i f i c  c o m m u n i t y  b e c a u s e  o f  t h e  a d v e n t  o f  r a d i o  
a s t r o n o m y  and mor e  n u m e r i c a l  c a l c u l a t i v e  p r o c e d u r e s  became 
p o s s i b l e  b e c a u s e  o f  t h e  i n c r e a s e d  a v a i l a b i l i t y  o f  p o w e r f u l  
c o m p u t e r s .
G r e e n ,  Rush  and C h a n d l e r  [ 23 1  c a l c u l a t e d  G a u n t  f a c t o r s  
t o  s i x  f i g u r e s  f o r  n up t o  30 .  B u r g e s s  u s e d  t h e  me t h o d  o f  
s t e e p e s t  d e s c e n t s  t o  o b t a i n  an a s y m p t o t i c  e x p a n s i o n  f o r  t h e  
h y d r o g e n  d i p o l e  m a t r i x  e l e m e n t s  i n v o l v i n g  1 e x p l i c i t l y  [ 2 4 ] .  
He o b t a i n e d  p o o r  r e s u l t s  f o r  n g r e a t e r  t h a n  5 .  S e a r l e  [ 2 5 ]  
c a l c u l a t e d  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  n up t o  10 b u t ,
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a g a i n ,  t h e  c a l c u l a t i o n s  a r e  b a s e d  on a p p r o x i m a t e  
e x p r e s s i o n s .  In e s s e n c e ,  a l l  t h r e e  o f  t h e s e  p a p e r s  i n c l u d e d  
m e t h o d s  t h a t  i n v o l v e d  k e e p i n g  h i g h e r  o r d e r  t e r m s  i n  t h e  
e x p a n s i o n  o f  g^  . The r e s u l t s  o f  B u r g e s s  and S e a r l e  showed 
t h a t  t h e  p o p u l a t i o n  f o l l o w i n g  r e c o m b i n a t i o n  i s  f a r  f r om t h e  
s t a t i s t i c a l  w e i g h t  a n d ,  a c c o r d i n g  t o  Leona rd  S e a r l e  "The 
d e r i v a t i o n  o f  a c c u r a t e  r e l a t i v e  l i n e  i n t e n s i t i e s  i n  h y d r o g e n  
n e b u l a  r e q u i r e s  t h e  c a l c u l a t i o n  o f  e x a c t  r e c o m b i n a t i o n  c r o s s  
s e c t i o n s  a t  s e v e r a l  e n e r g i e s  f o r  a l l  n , l  up t o  a t  l e a s t  20 .  
T h i s  r e m a i n s  a f o r m i d a b l e  p r o b l e m . "
P e n g e l l e y  d i d  an e x a c t  t r e a t m e n t  o f  t h e  c a p t u r e  c a s c a d e  
p r o b l e m  f o r  a l l  n , l  up t o  f i v e .  He u s ed  t h e  h y d r o g e n  
t r a n s i t i o n  p r o b a b i l i t i e s  t a b u l a t e s  by G r ee n ,  Rush and 
C h a n d l e r  [ 2 3 ]  and t h e  r e c o m b i n a t i o n  c o e f f i c i e n t s  o f  B u r g e s s  
[ 2 7 3 .  For  n l a r g e r  t h a n  f i v e  he r e s o r t e d  t o  an 
e x t r a p o l a t i o n  p r o c e d u r e  [ 2 6 ] .  In  1964 B u r g e s s  c a l c u l a t e d  
t h e  t r a n s i t i o n  m a t r i x  e l e m e n t s  i n  t h e  mos t  e x a c t  and  
a c c u r a t e  way t h u s  f a r  p r e s e n t e d  [ 2 7 ] .  He u s e d  a n u m e r i c a l  
t e c h n i q u e  t o  c a l c u l a t e  r e c o m b i n a t i o n  c o e f f i c i e n t s  and 
p h o t o - i o n i z a t i o n  c r o s s  s e c t i o n s  f o r  a l l  1 up t o  n = 2 0 .  He 
c h o s e  a s u i t a b l e  h y p e r g e o m e t r i c  f u n c t i o n  f o r  t h e  
r e p r e s e n t a t o n  o f  t h e  bound and f r e e  s t a t e s  and  e x p r e s s e d  t h e  
r e s u l t i n g  m a t r i x  e l e m e n t s  i n  t e r m s  o f  h y p e r g e o r n e t r  i c  
f u n c t i o n s .  T h i s  r e s u l t  had a l r e a d y  b ee n  p r e s e n t e d  i n  a 
g e n e r a l  form by s e v e r a l  a u t h o r s ,  e . g .  Gordon [ 1 4 ]  and A l d e r  
and Wi n t h e r  [ 2 8 ] .  The r e s u l t i n g  h y p e r g e o r n e t r i c  s e r i e s  
t e r m i n a t e s  a f t e r  a f i n i t e  number  o f  t e r m s ;  h o w e v e r ,  t h e
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p r o c e d u r e  i s  n o t  s u i t a b l e  in  g e n e r a l  b e c a u s e  o f  t h e  l a r g e  
number  o f  t e r m s  o c c u r r i n g  in  t h e  s e r i e s  when n - 1  i s  l a r g e .  
A l s o ,  f o r  some r a n g e s  o f  p a r a m e t e r s  t h e r e  i s  g r o s s  
c a n c e l l a t i o n  b e t w e e n  t e r m s .  B u r g e s s  c i r c u m v e n t e d  t h e s e  
p r o b l e m s  by c a l c u l a t i n g  t h e  t e r m s  f o r  a g i v e n  n w h e r e  l = n - 1  
and n - 2 ,  s i n c e  t h e y  a r e  t h e  s i m p l e s t ,  and  t h e n  u sed  a 
n u m e r i c a l  t e c h n i q u e  e m p l o y i n g  a r e c u r r e n c e  r e l a t i o n  f o r  
h y p e r g e o m e t r i c  s e r i e s  t o  c a l c u l a t e  t h e  m a t r i x  e l e m e n t s  f o r  
s m a l l e r  l ' s .  The o n l y  d r a w b a c k  i s  t h a t  f o r  l a r g e  n ,  s e v e r e  
s c a l i n g  p r o b l e m s  may a r i s e  due t o  r a p i d  v a r i a t i o n s  i n  t h e  
r e c u r r e n c e  r e l a t i o n  w i t h  n .  C a l c u l a t i o n s  were  p e r f o r m e d  
o v e r  a v a r i e t y  o f  e l e c t r o n  t e m p e r a t u r e s ,  b u t  s t e p  s i z e  i s  
p r e s e n t e d  i n  s u c h  a way t h a t  t h o u g h  f o r  n=1 he s p a n s  an 
e n e r g y  r a n g e  f r om 0 t o  4 0 . 9& eV by t h e  t i m e  n = 20 i s  r e a c h e d  
t h e  e n e r g y  r a n g e  i s  l i m i t e d  f rom 0 t o  1 . 3 9  eV. B u r g e s s  
c a r r i e d  o u t  e x t e n s i v e  c h e c k s  f o r  h i s  c a l c u l a t i o n s  and  c l a i m s  
an a c c u r a c y  o f  s e v e n  f i g u r e s  f o r  l ow  n ,  and h i g h  n and h i g h  
1 ,  b u t  l o s e s  a c c u r a c y ,  b e c a u s e  o f  a b u i l d  up e r r o r ,  t o  s i x  
f i g u r e s .  H i s  t a b l e s  a r e  p r e s e n t e d  t o  f i v e  s i g n i f i c a n t  
f i g u r e s .
In  1971 B r o c k e l h u r s t  [ 2 9 ]  a p p l i e d  t h e  me thod  o f  B u r g e s s  
i n  s t u d y i n g  t h e  l e v e l  p o p u l a t i o n s  f o r  h y d r o g e n i c  i o n s  and 
c l a i m s  a b u i l d  up e r r o r  t h a t  r e d u c e s  a c c u r a c y  t o  a t  l e a s t  
f o u r  f i g u r e s .
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In r e v i e w ,  t h e  e a r l y  wor ks  on  e l e c t r o n - p r o t o n  r a d i a t i v e  
r e c o m b i n a t i o n  and p h o t o - i o n i z a t i o n  d i d  n o t  e x p l i c i t l y  
c a l c u l a t e  t h e  d e p e n d e n c e  on t h e  a n g u l a r  momentum quan t um 
number  1 .  T h i s  i n f o r m a t i o n  i s  o f  i m p o r t a n c e  b e c a u s e  t h e  
l i f e t i m e s  i n c r e a s e  n o t  o n l y  w i t h  p r i n c i p a l  quant um number  n 
b u t  w i t h  a z i m u t h a l  quan t um number  1 .  A l s o ,  t h e  v a r i o u s  
s i m p l i f y i n g  a s s u m p t i o n s  wh i c h  wer e  made  l i m i t e d  t h e i r  r a n g e  
o f  a p p l i c a b i l i t y .  The few p a p e r s  t h a t  p r e s e n t e d  t h e  s q u a r e s  
o f  t h e  m a t r i x  e l e m e n t s  i n  c l o s e d  a n a l y t i c  form d i d  so o n l y  
f o r  t h e  l o w e s t  o f  t h e  bound  s t a t e s .  B u r g e s s  d e v e l o p e d  t h e  
b e s t  n u m e r i c a l  me t hod  f o r  c a l c u l a t i o n  o f  t h e  b o u n d - f r e e  
t r a n s i t i o n  s t r e n g t h s ,  b u t  l o s t  a c c u r a c y  a t  h i g h  n and l ow 1 .  
T h e r e  i s  no work t h a t  a d d r e s s e s  t h e  f a i l u r e  o f  t h e  d i p o l e  
a p p r o x i m a t i o n  f o r  r e c o m b i n a t i o n  o r  p h o t o - i o n i z a t i o n  f rom 
h i g h l y  e x c i t e d  s t a t e s  o f  h y d r o g e n  when t h e  k i n e t i c  e n e r g y  o f  
t h e  e l e c t r o n  i s  l o w .
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IV.  THE CROSS SECTION
In  C h a p t e r  I I  we p r e s e n t e d  a d e s c r i p t i o n  o f  t h e  bound 
and c o n t i n u u m  s t a t e s  o f  t h e  h y d r o g e n  atom a l o n g  w i t h  t h e  
i n t e r a c t i o n  H a m i l t o n i a n  wh i c h  d e s c r i b e s  t h e  p e r t u r b a t i o n  
t h a t  c a u s e s  t h e  t r a n s i t i o n  b e t w e e n  s t a t e s .  Wi t h  t h i s  
i n f o r m a t i o n ,  a g e n e r a l  f o r m u l a  f o r  t h e  t r a n s i t i o n  
p r o b a b i l i t y  p e r  u n i t  t i m e  f o r  s p o n t a n e o u s  t r a n s i t i o n s  
b e t w e e n  i n i t i a l  f r e e  s t a t e s  and f i n a l  bound s t a t e s  was 
p r e s e n t e d  ( E q u a t i o n  ( 2 - 7 ) ) .  I n  t h i s  c h a p t e r  we d i s c u s s  t h e  
p a r t i a l  c r o s s  s e c t i o n s  ( c r o s s  s e c t i o n s  f o r  r e c o m b i n a t i o n  
i n t o  a s t a t e  d e s c r i b e d  by b o t h  n and 1)  f o r  t h e  r a d i a t i v e  
r e c o m b i n a t i o n  p r o c e s s ,  w h i c h  a r e  d e p e n d e n t  on t h e  t r a n s i t i o n  
p r o b a b i l i t i e s .
S i n c e  t h e  p r o c e s s e s  o f  r a d i a t i v e  r e c o m b i n a t i o n  and 
p h o t o - i o n i z a t i o n  a r e  r e l a t e d  t h r o u g h  t h e  p r i n c i p l e  o f  
d e t a i l e d  b a l a n c i n g ,  we w i l l  b e g i n  t h i s  s e c t i o n  w i t h  t h e  
r e l a t i o n s h i p  b e t w e e n  t h e  two f o r m u l a s .  Then we e x p a n d  t h e  
i n t e r a c t i o n  H a m i l t o n i a n  and w r i t e  a g e n e r a l  p a r t i a l  c r o s s  
s e c t i o n  f o r m u l a  f o r  any o r d e r  t r a n s i t i o n .  F i n a l l y ,  by 
k e e p i n g  t h e  f i r s t  two t e r m s  i n  t h i s  e x p a n s i o n  ( b e c a u s e  we 
w i s h  t o  i n v e s t i g a t e  t h e  i m p o r t a n c e  o f  q u a d r u p o l e  t r a n s i t i o n s  
t o  t h e  p a r t i a l  c r o s s  s e c t i o n s ) , we w r i t e  a f o r m u l a  f o r  
p a r t i a l  c r o s s  s e c t i o n s  t h a t  i s  d e p e n d e n t  on b o t h  t h e  d i p o l e  
and q u a d r u p o l e  t r a n s i t i o n s .
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The p r i n c i p l e  o f  d e t a i l e d  b a l a n c i n g  [ 3 0 , 3 1 ]  s t a t e s  t h a t  
t r a n s i t i o n  r a t e s  f o r  e x c i t a t i o n s  a r e  e q u a l  t o  t r a n s i t i o n  
r a t e s  f o r  d e c a y s  b e t we e n  t h e  same two l e v e l s .  T h e r e f o r e ,  
t h e  c r o s s  s e c t i o n s  f o r  p h o t o - i o n i z a t i o n  and r a d i a t i v e  
r e c o m b i n a t i o n  a r e  r e l a t e d  t h r o u g h  t h e  f o l l o w i n g  f o r m u l a :
2 c 2 p i
P O"  = P or *
e n l  ph n l
( 4 - 1  )
whe r e  p i s  momentum and t h e  s u b s c r i p t s  e and ph a r e  f o r  t h e  
e l e c t r o n  and  t h e  p h o t o n  r e s p e c t i v e l y .  The s u p e r s c r i p t s  
l a b e l  t h e  c a p t u r e  ( c )  and p h o t o - i o n i z a t i o n  ( p i )  p r o c e s s e s  
w h i l e  n and 1 a r e  t h e  quan t um n u m b e r s  o f  t h e  bound s t a t e .
The k i n e t i c  e n e r g y  o f  t h e  e l e c t r o n  i s  r e l a t e d  t o  t h e  
p r i n c i p a l  q u a n t u m  number  n '  and t h e  momentum o f  t h e  e l e c t r o n  




whe r e  m i s  t h e  m a ss  o f  t h e  e l e c t r o n  and hw i s  t h e  e n e r g y  o f  
t h e  e m i t t e d  p h o t o n .  The momentum o f  t h e  e m i t t e d  p h o t o n  c a n  
be  r e l a t e d  t o  t h e  p r i n c i p a l  q u a n t u m  n um b e r s  n and n '  by t h e  















= a n '
( 4 - 2 )
where  a i s  t h e  f i n e  s t r u c t u r e  c o n s t a n t .
I n  t e r m s  o f  t h e  r a d i a l  m a t r i x  e l e m e n t s ,  t h e  c r o s s  
s e c t i o n  [ 6 ]  f o r  p h o t o - i o n i z a t i o n  f r om a bound  s t a t e  w i t h  
quantum n u m b e r s  n and 1 i s
p i  2 i k . r  2 3
0  = (2n) a |< f  | e  r . e !  i  >! a ,
n l  —2
e
where  t h e  f a c t o r  a 3 / e 2 has  b e e n  i n s e r t e d  t o  c o n v e r t  f rom
a t o m i c  u n i t s  t o  c g s  u n i t s .
S u b s t i t u t i n g  t h e  p h o t o - i o n i z a t i o n  c r o s s  s e c t i o n  f o r m u l a  
and E q u a t i o n  ( 4 - 2 )  i n t o  E q u a t i o n  ( 4 - 1 )  y i e l d s  t h e  p a r t i a l
c r o s s  s e c t i o n  f o r m u l a  f o r  r a d i a t i v e  r e c o m b i n a t i o n :
c 2 3 1 2 21 3 i k . r  2
O  = (n a  ) Q Ln + n ' J  ! < f | e  r . e | i > !  ,
m  T  4 ..
2 n n '
( 4 - 3 )
where  t h e  i d e n t i t i e s  e 2 / a o =2ftm1 and e 2 = Qftc h a v e  been  u s e d
t o  s i m p l i f y  t h e  f o r m u l a .
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When t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  r a d i a t i o n  i s  l a r g e  
co mp a r ed  t o  t h e  s i z e  o f  t h e  r a d i a t o r ,  i t  i s  s u f f i c i e n t  t o  
e xpand  e x p ( i k . r )  a s  (1 + i k . ?  + . . . )  and keep  o n l y  t h e  
f i r s t  t e r m .  T h i s  i s  c a l l e d  t h e  d i p o l e  a p p r o x i m a t i o n .
For  t r a n s i t i o n s  b e t w e e n  bound  s t a t e s ,  and t r a n s i t i o n s  
f rom f r e e  s t a t e s  t o  l ow l y i n g  s t a t e s ,  t h i s  c o n d i t i o n  i s  
s a t i s f i e d .  Howe v e r ,  t h e  s i z e  o f  t h e  h y d r o g e n  atom i n c r e a s e s  
a s  t h e  s q u a r e  o f  t h e  p r i n c i p l e  q u a n t u m  number  n and r a p i d l y  
a p p r o a c h e s  c h e  w a v e l e n g t h  o f  t h e  e m i t t e d  r a d i a t i o n
(An = h c / ( w  + R y / n ^ )  ) .  i t  c a n  be  s e e n  f rom t h e  r a t i o  2 n r n /An
( s e e  F i g u r e  4 - 1 )  t h a t  t h e  d i p o l e  a p p r o x i m a t i o n  f a i l s  a s  n
i n c r e a s e s  and a s i g n i f i c a n t  e r r o r  r e s u l t s  a s  n a p p r o a c h e s  
2 0 .
F o r  an e x a c t  t r e a t m e n t  t h e  m a t r i x  e l e m e n t s  a s  t h e y  a r e  
e x p r e s s e d  i n  E q u a t i o n  ( 4 - 3 )  s h o u l d  be  c a l c u l a t e d .  The 
e x t r e m e  c o m p l e x i t y  o f  t h i s  d e r i v a t i o n ,  h o w e v e r ,  p r o h i b i t s  
s u c h  a d i r e c t  m e t h o d .  We h av e  d e v e l o p e d  an a l t e r n a t e
a p p r o a c h .
S i n c e  o u r  i n t e r e s t s  a r e  i n  l o w  e n e r g y  r e c o m b i n a t i o n s ,  
t h e  e f f e c t  o f  t h e  Coulomb f i e l d  o f  t h e  p r o t o n  on t h e  
e l e c t r o n  c a n n o t  b e  i g n o r e d .  We, t h e r e f o r e ,  d e s c r i b e  t h e  
e l e c t r o n  w i t h  Coulomb wave f u n c t i o n s .  We do  n o t  w i s h  t o  
make t h e  d i p o l e  a p p r o x i m a t i o n ,  b u t  do  e x p a n d  t h e  e x p o n e n t i a l  
t e r m  i n  t h e  i n t e r a c t i o n  H a m i l t o n i a n  i n  a T a y l o r  s e r i e s :




ENERGY IN  EU
F i g u r e  4 - 1 .  The r a t i o  o f  t h e  r a d i u s  o f  t h e  f i n a l  s i z e  o f  
t h e  h y d r o g e n  a tom t o  t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  p h o t o n  i s  
p r e s e n t e d .
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i k . r  _ _  _ _ 2  _ _ 9
e = 1 + ( i k . r )  + ( i k . r )  + . . . = Z. ( i k . r )
“ T T  ~TT~ q=0 q!
T h en ,  s u b s t i t u t i n g  t h e  s e r i e s  i n t o  E q u a t i o n  ( 4 - 3 )  t h e  m a t r i x  
e l e m e n t  b e c o m e s
i k . r _  A
< n 1 m i e r . e l  n ' l ' m '  >
= < n 1 ai ! J  ( i k . r )  r . e ! n ' l ' m '  > .
q=0 q!
T h e r e  h a v e  b e e n  no d e m a n ds  made on t h e  g e o m e t r y  and  we 
a r e  f r e e  t o  t a k e  t h e  wave v e c t o r  k o f  t h e  p h o t o n  t o  l i e  
a l o n g  t h e  z a x i s .  The a n g l e  b e t w e e n  r  and k i s  6 so  t h a t  
k . r = k r c o s 0 .  P u l l i n g  t e r m s  t h a t  a r e  i n d e p e n d e n t  o f  t h e  
i n t e g r a t i o n  v a r i a b l e s  o u t s i d e  t h e  m a t r i x  e l e m e n t  y i e l d s
_  q+1 q
( i k ) < n 1 m [ r  c o s S  ( s i n 0 c o s ® + s i n 0 s i n ® ) ! n ' l ' m * >  , 
q=0 “ qT
w h e r e  r . e  = r ( s i n 0 c o s ® + s i n 0 s i n ® ) and i n c l u d e s  t h e  sum o v e r  
t h e  two p o l a r i z a t i o n s  o f  t h e  p h o t o n .  Hav i ng  w r i t t e n  t h e  
m a t r i x  e l e m e n t  i n  t h i s  m a n n e r ,  t h e  a n g u l a r  i n t e g r a l s  c a n  be 
s e p a r a t e d  f r om  t h e  r a d i a l  i n t e g r a l s :
v  q 9+1JL ( i k )  < n 1 \ r  i n ' l ’
q=0 q!
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q
< 1 m I cos© ( s i n 0 c o s © + s i n 0 s i n ® ) j  I ' m*  >
( 4 - 4 )
We h a v e  a l r e a d y  i n d i c a t e d  t h a t  t h e  d i p o l e  a p p r o x i m a t i o n  
i s  n o t  s u f f i c i e n t  t o  d e s c r i b e  t h e  c a p t u r e  o f  an e l e c t r o n  
i n t o  h i g h l y  e x c i t e d  s t a t e s  o f  h y d r o g e n  b e c a u s e  t h e  s i z e  o f  
t h e  f i n a l  s t a t e  o f  t h e  s y s t e m  i s  no l o n g e r  much s m a l l e r  t h a n  
t h e  w a v e l e n g t h  o f  t h e  r a d i a t i o n  e m i t t e d  d u r i n g  t h e  
t r a n s i t i o n .  I n c l u s i o n  o f  t h i s  f o rm f o r  t h e  m a t r i x  e l e m e n t  
wou ld  a l l o w  a n y  d e g r e e  o f  a c c u r a c y  r e q u i r e d  by k e e p i n g  
a d d i t i o n a l  t e r m s  i n  t h e  sum.  As a f i r s t  e x a m p l e  and a s  a 
me a ns  o f  d e m o n s t r a t i n g  t h e  i m p o r t a n c e  o f  a d d i t i o n a l  t e r m s  i n  
t h e  e x p a n s i o n ,  we k e e p  two o f  t h e  t e r m s  i n  E q u a t i o n  ( 4 - 4 ) .  
The m a t r i x  e l e m e n t  b e c o m e s
i k . r
< n l m ! e  r  . e ! n ' 1 '  in' >
< n 1 ! r  i n ' l '  >< 1 m i s i n 0 c o s ® + s i n 6 s i n ® i  I ' m 1 > +
2
i aKn 1 ! r  ! n ' l ' X  1 m 1 c o s 0 ( s i n 0 c o s ® + s i n 0 s i n © )  | l ' m ’ >.  
c
S q u a r i n g  t h i s  y i e l d s  
i k . r
< n l m  ! e  r . e i  n ' l ' m ’ >
< n 1 | r  J n ' l ' X  1 m | s i n 0 c o s ® + s i n 0 s i n ®  | I ' m '  >! +
2 2 2 
|UJj |<n 1 | r  I n ' l ' X l  m | c o s 6  ( s i n 0 c o s ® + s i n 0 s i n ® ) ! l ' m ’ >j
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2 *
+ i  < n 1 l r  ! n ’ l ' X  n 1! r  ! n ' l '  > 
c
■< 1 ra ! s i n 9 c o s f f i + s i n 0 s i n ® |  I ' m '  >
*
■< 1 m ! cosQ ( s i n 0 c o s ® + s i n 0 s i n ® ) j  I ' m '  >
#
-  i  < n 1 | r  ! n ' l ' X  n l | r  ! n ' l '  > 
c
*
■< 1 m | s i n 0 c o s ® + s i n 0 s i n 0 i  I ' m '  >
■ < 1 rn ! c o s 0  ( s i n 0 c o s ® + s i n 0 s i n © ) |  I ' m '  > .
( 4 - 5 )
The a n g u l a r  i n t e g r a l s  c a n  be  e v a l u a t e d  u s i n g  t h e  
W i g n e r - E k h a r t  t h e o r e m  ( s e e  Append i x  B ) . The s e l e c t i o n  r u l e s  
a r e  found upon p e r f o r m i n g  t h e  a n g u l a r  i n t e g r a t i o n .  For  
d i p o l e  t r a n s i t i o n s  ( q = 0 )  t h e y  a r e  A1 = ±1 and f o r  q u a d r u p o l e  
t r a n s i t i o n s  ( q= 1 )  t h e y  a r e  a 1 = 0 , ±2  b u t  1 = 0 ^ 0 .  T h i s  
i m p l i e s  t h a t  when o n e  o f  t h e  i n t e g r a l s  i n  a c r o s s  t e r m  i s  
n o n - z e r o  t h e  o t h e r  m u s t  n e c e s s a r i l y  b e  z e r o .  C o n s e q u e n t l y ,  
t h e  c r o s s  t e r m s  i n  E q u a t i o n  ( 4 - 5 )  v a n i s h .  The m and m' 
s u b s t a t e s  c a n  be  summed o v e r  i f  i n f o r m a t i o n  c o n c e r n i n g  t h e  
p o l a r i z a t i o n  o f  r a d i a t i o n  i s  n o t  r e q u i r e d .  The d e r i v a t i o n  
o f  t h e  f o r m u l a s  f o r  t h e  s q u a r e s  o f  t h e  a n g u l a r  p a r t s  o f  t h e  
m a t r i x  e l e m e n t  a r e  p r e s e n t e d  i n  Appe nd i x  B. By s u b s t i t u t i n g  
t h e s e  a n g u l a r  i n t e g r a l s  i n t o  E q u a t i o n  ( 4 - 5 )  t h e  f o r m u l a  f o r  
t h e  b o u n d - f r e e  t r a n s i t i o n  s t r e n g t h s  a r e  f o u n d  t o  be
__ i  k • r*
2  i< n 1 m | e  r . e j  n ' l ' m '  >i
mm'
2 2 
_2_ [ 1 j< n 1 ! r  | n '  1-1 > [ + (1+1)  !< n 1 j r  ! n '  1+1>|  ] 
3
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2 2 2 
+ ^  [ ACL) !< n 1 ! r  I n '  l +2>  i
2 2 2 2 
B( 1 )  | <n  1 ! r  | n '  1> |  + C ( l )  | <n  1 | r  | n ’ l - 2 >  I ] ,
( 4 - 6 a )
whe r e  A ( l ) ,  B ( l ) ,  and C ( l )  a r e  t h e  s q u a r e s  o f  t h e  a n g u l a r  
p a r t s  o f  t h e  q u a d r u p o l e  m a t r i x  e l e m e m t s  summed o v e r  a l l  ra 
and m' s u b s t a t e s  and o v e r  t h e  two p o l a r i z a t i o n s  o f  t h e  
p h o t o n :
A( 1) = ( 1 + 1 ) ( 1 + 2 )  S ( l ' - l - 2 )
( 3 1 + 3 )
B( 1) = 2 1 ( 1 + 1 )  6 ( 1 ' - 1 )
3 ( 2 1 + 3 ) ( 2 1 - 1  )
C ( l )  = 1 ( 1 - 1 )  6 ( 1 ' - 1 + 2 )
( 2 1 - 1  )
( 4 - 6 b )
In t h e  n e x t  s e c t i o n ,  RADIAL MATRIX ELEMENTS, we d e r i v e  
a f o r m u l a  f o r  t h e  t r a n s i t i o n  s t r e n g t h s  a n d ,  i n  c o n j u n c t i o n  
w i t h  t h e  a l g e b r a i c  s o f t w a r e  p a c k a g e  REDUCE2 [ 3 2 ] ,  g e n e r a t e  
t h e  f r e e - b o u n d  t r a n s i t i o n  s t r e n g t h s  f o r  a l l o w e d  d i p o l e  and 
q u a d r u p o l e  t r a n s i t i o n s  i n t o  a l l  bound  s t a t e s  up t o  n=20 and 
1=19.
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V. THE RADIAL MATRIX ELEMENTS
In o r d e r  t o  c a l c u l a t e  t h e  v a l u e s  o f  t h e  r a d i a l  m a t r i x  
e l e m e n t s  o f  E q u a t i o n  ( 4 - 4 )  i t  i s  n e c e s s a r y  t o  e v a l u a t e  
i n t e g r a l s  o f  t h e  fo rm
* q+1 2
R ( n l )  r  R ( w l ' )  r d r  ,
0
( 5 - 1  )
w h i c h  h a v e  been  o f  i n t e r e s t  s i n c e  t h e  e a r l y  y e a r s  o f  quan t um 
m e c h a n i c s .  P r e v i o u s l y  t h i s  i n t e g r a l  ha s  be e n  e v a l u a t e d  f o r  
a g e n e r a l  v a l u e  o f  q i n  t e r m s  o f  h y p e r g e o r n e t r i c  f u n c t i o n s  
[ 2 8 ] .  However ,  i t  h a s  b e e n  p o s s i b l e  t o  e x p r e s s  t h e s e  
r e s u l t s  i n  t e r m s  o f  e l e m e n t a r y  f u n c t i o n s  o n l y  f o r  t h e  l o w e s t  
bound  s t a t e s  [ 1 2 , 1 3 ] ,  o r  f o r  h i g h e r  n b u t  o n l y  f o r  l = ( n - 1 )  
and ( n - 2 )  [ 2 7 ] ,  and u n d e r  c e r t a i n  s i m p l i f y i n g  a s s u m p t i o n s  
b e c a u s e  t h e  a l g e b r a  i n v o l v e d  i n  t h e  c a l c u l a t i o n s  o f  t h e  
m a t r i x  e l e m e n t s  i s  p r o h i b i t i v e l y  l a b o r i o u s .  I n  t h i s  
d i s s e r t a t i o n ,  t h e  i n t e g r a l s  a r e  p r e s e n t e d  i n  a f o r m t h a t ,  
w i t h  t h e  a i d  o f  t h e  REDUCE2 p a c k a g e ,  p e r m i t s  t h e  g e n e r a t i o n  
o f  t h e  m a t r i x  e l e m e n t s  o r  t h e  t r a n s i t i o n  s t r e n g t h s  f o r  
b o u n d - f r e e  t r a n s i t i o n s  i n t o  any  s t a t e .  The d e r i v a t i o n  o f  
t h i s  f o r m u l a  f o l l o w s .
The bound s t a t e  wave f u n c t i o n s  ( E q u a t i o n  ( 2 - 2 ) ) ,  
l a b e l l e d  by p r i n c i p a l  q u a n t u m  number  n and a n g u l a r  momentum 
q u a n t u m  number 1 and w i t h  a t o m i c  number  Z, can  be  w r i t t e n  in
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a f i n i t e  s e r i e s  r e p r e s e n t a t i o n  ( s e e  Ap p e n d i x  B ) :
n+1+1 n 
R ( n l ; r ) = ( - 1 )  2
 m —
n+1 / 2
1 / 2  n+1
( n + 1 ) !  ( n - 1 - 1 ) !  n
n - 1 - 1
j  = 0
„ J  j - 1
1 f~n I I !  ( n + l - i ) ( n - l - 1 - i )
j ! 121) i  = 0
- Z r / n  n - 1 - j
e r
( 5 - 2 a )
The t e r m s  i n d e p e n d e n t  o f  t h e  v a r i a b l e s  o f  i n t e g r a t i o n  c a n  
r e p r e s e n t e d  by  C ( n l ) ,  and
- Z r / n  n - 1 - j  
R ( n l , r )  = C ( n l )  e r
( 5 - 2 b )
For  t h e  f r e e  s t a t e  we h a v e  c h o s e n  an i n t e g r a l  
r e p r e s e n t a t i o n  w i t h  n o r m a l i z a t i o n  on t h e  e n e r g y  s c a l e  [ 6 ] ,
The k i n e t i c  e n e r g y  o f  t h e  e l e c t r o n  i s  r e l a t e d  t o  t h e  f r e e
2 2s t a t e  p r i n c i p a l  quan t um number  n '  by t h e  f o r m u l a  w=Z“V 2 n '  
au ,  w h e r e  au  i s  t v / i c e  t h e  i o n i z a t i o n  p o t e n t i a l  o f  h y d r o g e n .  
L i ke  t h e  e n e r g y ,  n ’ i s  c o n t i n u o u s ,  and i t  i s  a good quan t um 
n umb e r .  By u s i n g  t h e  r e l a t i o n s h i p  p = 2 i k r = 2 i Z n / n *  , t h e  f r e e  
s t a t e  r a d i a l  wave f u n c t i o n s  c a n  b e  w r i t t e n  as
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l '  + 1 1 '  2 2 1 / 2  l ' + 1
R ( w l ' ; r ) = ( - 1 )  2 Z l " l ( s  + n ' >
 2 rT rP  T 7 7  M
(1 -  e ) s=0
- ( l ' + 1 V  - 2 i Z r ? / n *  -  i n  f - 1  *-1 i n ' - l ' - 1
• r   (k e (5 + 1 / 2 )  ( 5 - 1 / 2 )  ,
2 n  J
( 5 - 3 a )
w h e r e  c i s  a c o n t o u r  t a k e n  a r o u n d  t h e  two b r a n c h  p o i n t s  ( s e e  
F i g u r e  2 - 1 ) .  A g a i n ,  f o r  i n t e g r a t i o n  p u r p o s e s ,  a l l  t e r m s  
i n d e p e n d e n t  o f  r  and 5 can r e p r e s e n t e d  by t h e  c o n s t a n t  
C ( n ' 1 ' )  , and
- ( l '  + 1 )
R ( wl • ; r ) = C ( n ' 1 1 ) r
- 2 i Z r 5 / n '  - i n ' - l ’ - l  i n ’ - l ’ -1
e ( 5 + 1 / 2 )  ( 5 - 1 / 2 )  d£
c
( 5 - 3 b )
By s u b s t i t u t i n g  E q u a t i o n s  ( 5 - 3 b )  and ( 5 - 2 b )  i n t o  ( 5 - 1 )  and 
i n t e r c h a n g i n g  t h e  o r d e r  o f  i n t e g r a t i o n  i t  i s  found t h a t
q+1
< n 1 | r  i n ' l *  >
- i n ' - 1 ' - 1  i n ' - l ’ - l
d£ ( 5 + 1 / 2 )  ( 5 - 1 / 2 )
c
CO
/ q + n + 1 - j - l '  ~ ( 2 i Z ? / n '  + Z / n ) rd r  r  e
= C ( n l ) C ( n '  1) X
2nJ
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By r e p r e s e n t i n g  t h e  i n t e g r a l  i n  t h i s  m a n n e r  i t  c a n  be
s e e n  t h a t  t h e  i n t e g r a t i o n  on r  i s  s i m p l y  t h e  d e f i n i t e  
i n t e g r a l
09
/ n - a x  -  (n-t-1)x e dx = n! a ( a > 0 ,  n p o s i t i v e  i n t e g e r ) ,
w h e r e  x = r ,  n = q + n - l ' - 1 + 1 ,  and a = ( 2 i Z ? / n '  + Z / n ) .  A f t e r  
some a l g e b r a i c  m a n i p u l a t i o n  t h e  m a t r i x  e l e m e n t  t a k e s  t h e  
form
q+1
< n 1 | r  I w 1 • > = Ct n D C t n ' l ' )  ( q + n - l , - j + 1) !
q + n - 1 ' -  j +2
( 2 i  Z / n ' )
- i n ' - 1 1-1 i n ' - l ’ - l
1 £  d£ ( £ + 1 / 2 )  ( £ - 1 / 2 )
Y q + n - 1 1- j + 2
2n J ( £ -  i n ' / 2 n )
c
( 5 - 4 )
The c o n t o u r  i n t e g r a l  m u s t  be t a k e n  a r o u n d  t h e  two 
b r a n c h  p o i n t s  £ = + 1 / 2  and £ = - 1 / 2  ( s e e  F i g u r e  5 - 1 ) .  S i n c e  t h e  
i n t e g r a n d  g o e s  t o  z e r o  a s  £ r a i s e d  t o  t h e  ( - q - n - 1 ' - 4 + j ) t h  
p o w e r ,  w h i c h  i s  l e s s  t h a n  £ t o  t h e  n e g a t i v e  s i x t h  p o w e r ,  
t h e  c o n t o u r  may b e  e x t e n d e d  t o  i n f i n i t y .  A l s o ,  s i n c e  t h e  
c o n t o u r  g o e s  a r o u n d  t h e  p o l e  £ = i n ' / 2  i n  t h e  n e g a t i v e  s e n s e ,  
t h e  r e s u l t  o f  t h e  i n t e g r a t i o n  i s  s i m p l y  t h e  r e s i d u e  a t  t h a t
p o l e .  The p o l e  i s  n o t  s i m p l e ,  b u t  i s  o f  t h e  o r d e r  
q + n - l ' - j + 2  w h i c h  s h a l l  be r e f e r r e d  t o  a s  p .
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F i g u r e  5 - 1 .  I n  t h i s  f i g u r e  t h e  c o n t o u r  o f  E q u a t i o n  
r e p r e s e n t e d .
The r e s i d u e  f o r  a p o l e  o f  o r d e r  p i s  [331
Res = 1
( p + 1 ) !
p-1  p
d [ ( Z - Z o )  f ( Z ) ]
— p - 1
dZ
w h i c h  f o r  t h i s  c a s e  becomes
( p + 1 ) !
‘ p-1  p - i n ' - 1 1 -1  i n ' - l ' - T
d ( £ - i n ' / 2 n )  ( 5 + 1 / 2 )  ( ^ - 1/ 2 )
— p - 1   P---------------








- i n ' - l ’ - l
(5 + 1/ 2 )
i n ' - l ’ - l
( 5 - 1 / 2 )
( 5 - 4 )  i s
Z = Zo
= i n ' / 2 n
i n ’ / 2 n
( 5 - 5 )
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
35
A d e r i v a t i o n  f o r  a s e r i e s  r e p r e s e n t a t i o n  o f
p-1 - i n '  —1 ' — 1 i n ' - 1 ' - 1
d ( ^ + 1 / 2 )  ( £ - 1 / 2 )
p-1
i s  p r e s e n t e d  i n  Appendix  D. By u s e  o f  t h i s  f o r m u l a ,  
e v a l u a t e d  a t  t h e  p o l e ,  t h e  r e s i d u e  becomes
d - i n ' - l ' - m  i n ' - l ' - p + m - l
Z  ( i n ' / 2 n + 1 / 2 ) ( i n ' / 2 n - 1 / 2)
m= 1 ( m - 1 ) !  ( p - m ) !
m-1 p-m
. n  ( - i n ' - l ' - k )  H  ( i n ' - l ' - k k )
k= 1 k k = 1
( 5 - 6 )
I n  t h e  i n t e r e s t  o f  d e v e l o p i n g  t h e  mos t  s y m m e t r i c  
a l g o r i t h m  f o r  use  i n  p r o g r a m m i n g ,  we use  t h e  i d e n t i t y  [ 3 4 ]
I \ i n ' - 2 n ' a r c o t ( n 1/ n )
i n 1/ n  -  1 \ = e
i n ' / n  + 1
t o  w r i t e  t h e  f o l l o w i n g  f o r m f o r  t h e  r e s i d u e :
2 1 ' + p + 1 - 2 n ' a r c o t ( n ' / n )
RES = (2n)  e
p - l ' - m  - l ' - p + m - 1
T  ( i n ' + n)________ ( i n 1 - n)
m= 1 (p-m)  ! ( rn— 1 ) !
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where  p = q + n - l ' - j + 2 . F i n a l l y ,  s u b s t i t u t i n g  2 i ( RES)  f o r  t h e  
v a l u e  o f  t h e  c o n t o u r  i n t e g r a l ,  a l o n g  w i t h  t h e  c o n s t a n t s  
C ( n l )  and C ( n ' l ' )  g i v e n  by  E q u a t i o n s  ( 3 - 5 a )  and ( 3 - 5 a ) ,  i n t o  
E q u a t i o n  ( 5 - 4 )  g i v e s
q+1 n + 1 + 1 '  - 2 n ' a r c o t ( n */ n )
< n l ! r  | n ' 1 '  > = ( - 1 )  e
172 172 - 2 n n ' 1 / 2
( n + 1 ) !  ( n - 1 - 1  )!  ( 1 - e  )
n + 1 ’ +1 q+1+2 q+n+3 1 '  /  2 2 \  1/ 2
2.____________n___________ nj  ( s + n '
q + n - l ' + 1  q+2 s=0
i  Z
n - 1 - 1  , , j  j - 1
J  ( q+n-1* -  j+1 ) ! j"| ( n + l - i )  ( n - 1 - 1 - i )
j  = 0 I 2 n ' /  j !  i  = 0
p - l ' - m  - l ' - p + r n - 1
. y  ( i n 1 +n)  ( i n  * - n )
m = 1 ( p - m ) ! ( m - 1 ) !
ra-1 p-m
• f t  ( - i n ' - l ' - k )  [ I  ( i n ' - l ' - k k )  
k= 1 k k = 1
( ' 5-8)
w h i c h ,  when s q u a r e d  and s i m p l i f i e d ,  y i e l d s
q+1 2 2 ( n + l ’ + 1 )  - 4 n ' a r c o t ( n ' / n )
< n 1 i r  i n ’ 1 '  > ! = 2 e
2 (q+2)  2 2 2 ( n+ q + 2 ) - 2 n n '
Z n ' + n ( 1 - e  )
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\\
1 ’ ( 2  2\ 2 ( q + 1 * +2)  ( q+n+3)
n  s  + n ' )  n n '
s=1 '  ' ( n + 1 ) !  ( n - 1 - 1 ) !
n - 1 - 1  j  2 2 j  j - 1
X  /  i  \  / n '  + n ) ( q + n - 1 1 - j  + 1 ) ! |"|  ( n + l - i ) ( n - 1 - 1 - i )
j  = 0 \2n V \  /  j l  i  = 0
2
p p-m m-1 p-m m-1 II
Y  ( i n ' + n )  ( i n ' - n ) ( - i n  ' - 1 ' - k k )  |"|  ( i n  ' - l 1 - k )  11 .
m=1 (p -m ) ! ( m - 1) !  kk=1 k=1 | |
( 5 - 9 )
The d i m e n s i o n s  f o r  t h e  t r a n s i t i o n  s t r e n g t h s  a r e  t h o s e  o f  
a r e a  r a i s e d  t o  t h e  ( q + 1 ) t h  power  d i v i d e d  by e n e r g y ;  i n  
a t o m i c  u n i t s  t h e  d i m e n s i o n s  a r e  a^a- + ̂ /e .̂ An a l t e r n a t e  way 
t o  e x p r e s s  t h e  same f o r m u l a  i s  i n  t e r m s  o f  a f a c t o r  
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  f r e e  s t a t e  quan t um number  
x= 1 / n  ’ o r  w=x 2Ry :
q + 1
< n 1 i r  ! n * 1 1>!
2 ( 1 ' + n + 1 ) 2 ( q + 1 1+2)  - 4 a r c t a n ( x n ) / x  1» 2 2
2_____________ n_________________e___________________________  «-j fx s + 1
2 ( q + 2 ) - 2 n / x  2 2 2 ( q+n+ 2)  11
Z ( n + 1 ) ! ( n - 1 - 1 ) ! ( 1  -  e ) ( x  n +1)  s=1
n - 1 - 1  j  j - n - 1- q + 1 ' /  2 2\ j  j - 1
£  i  x (1 + x n ) ( p— 1 ) ! PI ( n + l - i )  ( n - 1 - 1 - i )
j  = 0 ~T \ } j !  i=0
2
p p-m m-1 m-1 p-m
£  ( i + n x )  ( i - n x )  |"|  ( - i - l ' x - k x )  f ]  ( i - x l ' - k k x )
m-1 ( p - m ) ! ( m - 1 ) !  1 kk=1
( 5 - 1 0 )
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wh e r e  p = q + n - l ' - j + 2 .
I t  i s  t h i s  f i n a l  f orm t h a t  i s  u s e d ,  i n  c o n j u n c t i o n  w i t h  
t h e  REDUCE2 p a c k a g e ,  t o  g e n e r a t e  a n a l y t i c  f o r m s  f o r  t h e  
m a t r i x  e l e m e n t s  and  t r a n s i t i o n  s t r e n g t h s .  To s t u d y  h i g h e r  
e n e r g i e s ,  a p p l i c a t i o n  o f  E q u a t i o n  ( 5 - 9 )  wou l d  be  more 
c o n v e n i e n t .
The REDUCE p r o g r a m  u s e d  t o  g e n e r a t e  t h e  r a d i a . 1 m a t r i x  
e l e m e n t s  and t h e i r  s q u a r e s  i s  c o n t a i n e d  i n  A pp e n d i x  E a l o n g  
w i t h  t h e  FORTRAN p r o g r a m s  t h a t  were  u s e d  t o  g e n e r a t e  t h e  
v a l u e s  f o r  t h e  a l l o w e d  d i p o l e  and q u a d r u p o l e  t r a n s i t i o n  
s t r e n g t h s  and t h e  c r o s s  s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  
bound s t a t e s  up t o  n=7 and 1=6.  A d d i t i o n a l  m a t r i x  e l e m e n t s  
c a n  be o b t a i n e d  e i t h e r  by u s e  o f  t h e  REDUCE p r o g r a m  o r  by 
r e q u e s t  f r om t h e  a u t h o r .
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V I .  R ES U L TS
1. Overv  i ew
We h a v e  c a l c u l a t e d  e x a c t  t r a n s i t i o n  s t r e n g t h s ,  i n  
c l o s e d  a n a l y t i c a l  f o r m,  f o r  d i p o l e  and q u a d r u p o l e  
t r a n s i t i o n s  i n t o  a l l  bound s t a t e s  up co 1=19 and n=20 u s i n g  
t h e  g e n e r a l  f o r m u l a  ( E q u a t i o n  ( 5 - 1 0 ) )  d e r i v e d  i n  t h e  l a s t  
s e c t i o n  and t h e  REDUCE2 p r o g r a m  ( s e e  A p pe n d i x  C) . These  
f o r m u l a s  were  t h e n  used t o  c a l c u l a t e  t h e  p a r t i a l  c r o s s  
s e c t i o n s  f o r  t h e  r a d i a t i v e  r e c o m b i n a t i o n  o f  an 
e l e c t r o n - p r o t o n  s y s t e m .
The i n f o r m a t i o n  c o n t a i n e d  i n  t h i s  c h a p t e r  i s  i n  s e v e r a l  
p a r t s .  F i r s t ,  we p r e s e n t  s a m p l e  m a t r i x  e l e m e n t s  and t h e i r  
c o r r e s p o n d i n g  t r a n s i t i o n  s t r e n g t h s  f o r  b o t h  d i p o l e  and 
q u a d r u p o l e  t r a n s i t i o n s .  We c h o o s e  a r e l a t i v e l y  s i m p l e  c a s e  
- -  a l l  t h e  a n g u l a r  momentum s t a t e s  o f  n = 4 —  b u t  on e  t h a t  
e x h i b i t s  b o t h  c u r v e  c r o s s i n g s  and v a n i s h i n g  t r a n s i t i o n  
s t r e n g t h s .  We p r e s e n t  a n a l y t i c  f o r m s  f o r  t h e  m a t r i x  
e l e m e n t s  and t r a n s i t i o n  s t r e n g t h s  i n  a d d i t i o n  t o  p l o t t i n g  
them a s  a f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  i n c o m i n g  
e l e c t r o n  ( F i g u r e s  6-1 t h r o u g h  6 - 4 ) .  S e c o n d ,  s i n c e  t h e  
t r a n s i t i o n  s t r e n g t h s  w i t h  f r e e  s t a t e  a n g u l a r  momentum 
g r e a t e r  t h a n  bound  s t a t e  a n g u l a r  momentum ( 1 ' > 1 )  show t h e  
m o s t  i n t e r e s t i n g  b e h a v i o r ,  we p r e s e n t  t h e m ,  p l o t t e d  a s  a 
f u n c t i o n  o f  k i n e t i c  e n e r g y  o f  t h e  f r e e  e l e c t r o n ,  f o r  a l l
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a n g u l a r  momentum s t a t e s  up t o  n=10 ( F i g u r e  6 - 5 a  t h r o u g h  
6 - 5 j ) .  T h i r d ,  we p r e s e n t  d i p o l e  and q u a d r u p o l e  r a d i a t i v e  
r e c o m b i n a t i o n  c r o s s  s e c t i o n s  f o r  a l l  a n g u l a r  momentum s t a t e s  
up t o  1=19 and n=20 ( F i g u r e s  6 - 6 a  t h r o u g h  6 - 6 s ) . T h i s  i s  
d o n e  b e c a u s e ,  f o r  t h e  r e c o m b i n a t i o n  p r o c e s s  a s  i t  o c c u r s  i n  
i n t e r s t e l l a r  H I I  r e g i o n s ,  i n f o r m a t i o n  on t h e  a n g u l a r  
momentum d i s t r i b u t i o n s  o f  s t a t e s  i s  r e q u i r e d .  The c r o s s  
s e c t i o n s  e x h i b i t  b o t h  t h e  c u r v e  c r o s s i n g  b e h a v i o r  and m i n i m a  
due  t o  t h e  z e r o s  o f  t h e  t r a n s i t i o n  s t r e n g t h s .  F o u r t h ,  we 
d i s c u s s  t h e  b e h a v i o r  o f  t h e  t r a n s i t i o n  s t r e n g t h s  and c r o s s  
s e c t i o n s ,  o f f e r i n g  a p o s s i b l e  e x p l a n a t i o n  f o r  t h e  z e r o s  and 
c u r v e  c r o s s i n g s ,  a c o m p a r i s i o n  w i t h  Cooper  m i n i m a ,  and a 
c o m p a r i s o n  o f  t h e  r e l a t i v e  i m p o r t a n c e  o f  t h e  q u a d r u p o l e  t o  
t h e  d i p o l e  t r a n s i t i o n s .
2 .  The M a t r i x  E l e m e n t s
The f o l l o w i n g  r e l a t i o n s h i p s  e x i s t  be t wee n  t h e  REDUCE 
p r o g r a m s  o f  Append i x  C, and  t h e  m a t r i x  e l e m e n t s .
A) The d i p o l e  m a t r i x  e l e m e n t  i s
- 2 a r c t a n ( x n ) / x
< n l | r | n , l , > =  e ( n 1 j r  | n 11 '  ) ,
- 2 n / x  T72
(1 -  e )
w h e r e  ( n 1 | r  ! n ' l 1) i s  g e n e r a t e d  w i t h  t h e  a i d  o f  t h e  
REDUCE p r o g r a m  X MAT( n , l ) .  S a mp l e  d i p o l e  m a t r i x  e l e m e n t s  f o r  
b o u n d - f r e e  t r a n s i t i o n s  i n t o  a l l  a n g u l a r  momentum s t a t e s  o f
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F i g u r e  6 - 1 .  The  r a d i a l  p a r t  o f  t h e  d i p o l e  m a t r i x  e l e m e n t s ,  
< n l i r ! n ' l ' > ,  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=4 a r e  
p r e s e n t e d .  The t r a n s i t i o n s  r e p r e s e n t e d  a r e  f rom a n g u l a r  
momentum s t a t e s  l ’ =l+1 ( t o p )  - -  n o t e  t h e  c u r v e  c r o s s i n g s  a t  
low e n e r g y  - -  and 1 ’ =1—1 ( b o t t o m ) .
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
n = 4 f o l l o w .  Note  t h a t  some a r e  p u r e l y  r e a l  and some p u r e l y  
i m a g i n a r y .  T h e s e  m a t r i x  e l e m e n t s  a r e  p l o t t e d ,  i n  F i g u r e  
6 - 1 ,  a s  a f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  i n c o m i n g  
e l e c t r o n ,  b u t  w i t h  t h e  i  s u p p r e s s e d  i f  t h e  e l e m e n t  i s  
i m a g i n a r y .  A l l  t h e  c u r v e s  a r e  l a b e l e d  by t h e  a n g u l a r  
momentum quan t um number  o f  t h e  bound  s t a t e .
( 4 , 0  j r i  X , 1 )
( 1 / 2 ) ( 1/ 2 ) 2 6 
4 0 9 6 / ( 2 4  6 (16 X + 1) ) ]
2 ( 1/ 2 ) 
(X + 1 )
6 4 2
8 ( -  12288 X -  5376  X -  656 X -  23 )  ]
( 4 , 1  | r  i X, 2 )
( 1/ 2 ) ( 1 / 2 ) 2 6 
3 2 7 6 8 / ( 1 2 0  2 (16 X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1 / 2 ) 
(X + 1 ) (4 X + 1 ) ]
2
4 i  ( 12 8 0  X + 224 X + 9)  ]
( 4 , 1  ! r |  X , 0 )
( 1 / 2 ) ( 1/ 2 ) 2 6 
= [ 5 1 2 / ( 1 2 0  2 (16 X + 1) ) ]
6 2
1520 X -  57)  ]16 i  ( -  20480  X 11008 X
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( 4 , 2  1r |  X , 3)
( 1 / 2 ) 2 6 
= [ 2 6 2 1 4 4 / ( 7 2 0  ( 16  X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1 / 2 ) 2 
■ [ (X + 1 ) (9 X + 1 ) (4 X
2
•[ 8 (16  X + 1 )  ]
( 4 , 2  i r i  X,  1 )
( 1 / 2 ) 2 6 
= [ 4 0 9 6 / ( 7 2 0  (16 X + 1) ) ]
2 ( 1/ 2 )
■[ (X + 1 )  ]
4 2
■[ 16 ( -  768 X -  160 X -  7 )  ]
( 4 , 3  i r i  X , 4 )
( 1/ 2 ) 2 6 
= [ 2 0 9 7 1 5 2 / ( 5 0 4 0  ( 16  X + 1) ) ]
2 ( 1 / 2 ) 2 ( 1 / 2 ) 2 
•[ (X + 1) (9 X + 1) (16 X
2 ( 1 / 2 )
•(4 X + 1) ]
■ [ -  2 i  ]
( 4 , 3  i r i  X, 2 )
( 1 / 2 )  2 o
= [ 3 2 7 6 8 / ( 5 0 4 0  (16  X + 1) ) ]
2 ( 1 / 2 ) 2 ( 1 / 2 )
■ [ (X + 1) (4 X + 1 ) ]
2
■[ 16 i  ( 16  X + 1 ) ]
( 1 / 2 ) 
1 ) ]
( 1 / 2 )
+ 1 )
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B) The q u a d r u p o l e  m a t r i x  e l e m e n t  i s
2 - 2 a r c t a n ( x n ) / x  2
< n 1 i r  | n* 1* > = e  ( n l j r i  n ' l '  ) ,
- 2 n / x  1 / 2
(1 -  e )
2
w h e r e  ( n 1 j r  | n ' l ' )  i s  g e n e r a t e d  w i t h  t h e  a i d  o f  t h e  
REDUCE2 p r o g r a m  Q MA T( n , l ) .  F o l l o w i n g ,  a r e  s amp l e  q u a d r u p o l e  
b o u n d - f r e e  m a t r i x  e l e m e n t s  f o r  a l l  a n g u l a r  momentum s t a t e s  
o f  n = 4 .  As i n  t h e  d i p o l e  c a s e ,  some a r e  r e a l  and some 
i m a g i n a r y ,  b u t  t h e r e  i s  an a d d i t i o n a l  f e a t u r e .  The 1=0 
c u r v e  ( F i g u r e  6 - 2  t o p ) ,  r e p r e s e n t i n g  t h e  m a t r i x  e l e m e n t  w i t h  
bound s t a t e  1 4 , 0> and f r e e  s t a t e  ! w , 2 > ,  i s  p o s i t i v e  a t  l ow  
e n e r g y ,  c h a n g e s  s i g n  t o  have  a n e g a t i v e  v a l u e ,  and f i n a l l y  
a p p r o a c h  z e r o  f rom b e l ow  t h e  a x i s .
2
( 4 , 0  i r  i X , 2 )
( 1/ 2 ) ( 1 / 2 ) 2 7 
= [ 1 3 1 0 7 2 / ( 2 4  6 (16 X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1/ 2 )
■[ (4 X + 1) (X + 1) ]
6 4 2
•[ 64 ( -  3072 X -  384 X + 4 X + 1 ) ]
2
( 4 , 1  i r  ! X , 3 )
( 1/ 2 ) ( 1/ 2 ) 2 7
= [ 1 0 4 8 5 7 6 / ( 2  120 (16  X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1 / 2 ) 2 ( 1/ 2 ) 
•[ (4 X + 1) (X + 1) (9 X + 1) ]
4 2
•[ 8 i  ( 1280 X + 96 X + 1 ) ]
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-4000
Energy in  eV
F i g u r e  6 - 2 .  The r a d i a l  p a r t  o f  t h e  q u a d r u p o l e  m a t r i x  
e l e m e n t s ,  < n l | r 2 ) n 11 ' >  , f o r  a l l  a n g u l a r  momentum s t a t e s  o f  
n=4 a r e  p r e s e n t e d .  The t r a n s i t i o n s  r e p r e s e n t e d  a r e  f rom 
a n g u l a r  momentum s t a t e s  l ' = l + 2  ( t o p ) ,  —  n o t e  t h e  c u r v e  
r e p r e s e n t i n g  t r a n s i t i o n s  i n t o  t h e  b o u n d  s s t a t e  c r o s s e s  z e r o  
- -  l ' = l  ( c e n t e r ) ,  and  l ' = l - 2  ( b o t t o m ) .
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2
( 4 , 1  | r  ! X , 1 )
( 1 / 2 )  ( 1 / 2 )  2 7
= [ 1 6 3 8 4 / ( 2  120 (16  X + 1) ) ]
2 ( 1/ 2 )
• [  (X + 1 )  ]
6 4 2
•[ 32 i  ( 2 0 4 8 0  X + 7936  X + 880 X + 29)  J
2
( 4 , 2  i r  i X, 4 )
( 1 / 2 )  2 7
= [ 8 3 8 8 6 0 8 / ( 7 2 0  (16 X + 1) ) ]
2 ( 1 / 2 ) 2 ( 1 / 2 ) 2 ( 1/ 2 )
•[ (4 X + 1) (X + 1) ( 16  X + 1)
2 ( 1 / 2 )
■(9 X + 1) ]
2
•[  8 ( 32  X + 1 )  ]
2
( 4 , 2  i r  i X, 2)
( 1 / 2 ) 2 7
= [ 1 3 1 0 7 2 / ( 7 2 0  (16 X + 1 ) ) ]
2 ( 1 / 2 ) 2 ( 1 / 2 )
■ [ (4 X + 1 ) (X + 1 ) ]
4 2
•[ 32 ( 7 6 8  X + 128 X + 5)  ]
2
( 4 , 2  i r  i X , 0 )
( 1 / 2 )  2 7
= [ 2 0 4 8 / ( 7 2 0  (16 X + 1) ) ]
6 4 2
■[ 128 ( -  49152  X -  18176 X -  1888 X -  59)  ]
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( 4 , 3  i r  j X , 5 )
( 1/ 2 ) 2 7 
= [ 6 7 1 0 8 8 6 4 / ( 5 0 4 0  (16 X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1 / 2 ) 2
•[ ( 25  X + 1) (4 X + 1) (X
2 ( 1/ 2 ) 2 ( 1 / 2 )
•( 16 X + 1 ) (9 X + 1 ) ]
■[ -  4 i  ]
2
( 4 , 3  i r  i X, 3 )
( 1/ 2 ) 2 7 
= E 1 0 4 8 5 7 6 / ( 5 0 4 0  (16 X + 1) ) ]
2 ( 1/ 2 ) 2 ( 1 / 2 ) 2 
•[ (4 X + 1) (X + 1 )  (9 X
2
■[ 32 i  ( -  16 X -  1) ]
2
( 4 , 3  i r  ! X , 1 )
( 1/ 2 ) 2 7 
= [ 1 6 3 8 4 / ( 5 0 4 0  (16 X + 1 ) ) ]
2 ( 1 / 2 )
■[ (X + 1) ]
4 2
•[ 64 i  ( 3 3 28  X + 480 X + 17)  ]
( 1 / 2 )
+ 1)
( 1 / 2 ) 
+ 1 ) 3
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3.  T r a n s i t i o n  S t r e n g t h s
The f o l l o w i n g  r e l a t i o n s h i p s  e x i s t  b e t we e n  t h e  REDUCE 
p r o g r a m s  o f  A p p e n d i x  C and t h e  t r a n s i t i o n  s t r e n g t h s .
A) The d i p o l e  t r a n s i t i o n  s t r e n g t h s  a r e
2 - 4 a r c t a n ( x n ) / x  2
i< n 1 i r  i n* 1* > | = e J (  n l  i r  i n ’ l 1 ) !  ,_ 2 ny x
(1 -  e )
2
w h e r e  | (  n 1 i r  i n ' l ' ) I  i s  g e n e r a t e d  w i t h  t h e  a i d  o f  t h e  
t h e  REDUCE p r o g r a m  N EQ N ( n , l ) .  The  d i p o l e  b o u n d - f r e e  
t r a n s i t i o n  s t r e n g t h s ,  o r  s q u a r e s  o f  t h e  m a t r i x  e l e m e n t s ,  f o r  
a l l  a n g u l a r  momentum s t a t e s  o f  n = 4 a r e  p r e s e n t e d  n e x t .  They 
a r e  p l o t t e d  a s  a f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  f r e e  
e l e c t r o n  i n  F i g u r e s  6-3  and 6 - 5 .  Note  t h a t  a l l  t r a n s i t i o n  
s t r e n g t h s  a r e  p o s i t i v e  and r e a l .  Note  a l s o  t h a t ,  f o r  t h e  
c a s e s  w i t h  1 1= 1 —1 ( F i g u r e  6 - 3  b o t t o m ) ,  o r  t h e  f r e e  s t a t e  
a n g u l a r  momentum l e s s  t h a n  t h e  b o u nd  s t a t e ,  t h e  v a l u e  o f  t h e  
t r a n s i t i o n  s t r e n g t h s  i s  a l w a y s  g r e a t e s t  f o r  t h e  l o w e s t  
a n g u l a r  momentum s t a t e .  B u t ,  when t h e  f r e e  s t a t e  a n g u l a r  
momentum i s  g r e a t e r  t h a n  t h e  b ou nd  s t a t e ,  l ' = l + 1  ( F i g u r e  6 - 3  
t o p  and F i g u r e s  6 - 5 a  t h r o u g h  j ) ,  t h e  c u r v e s  c r o s s  e a c h  
o t h e r .  The r e s u l t  o f  t h i s  c r o s s i n g  i s  t h a t ,  a t  v e r y  l ow 
e n e r g i e s ,  t h e  t r a n s i t i o n  s t r e n g t h  f o r  t h e  g r e a t e s t  a n g u l a r  
momentum c u r v e  ( l = n - 1 )  i s  g r e a t e s t  and d e c r e a s e s  w i t h  
d e c r e a s i n g  a n g u l a r  momentum.
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F i g u r e  6 - 3 .  The r a d i a l  p a r t  o f  t h e  d i p o l e  t r a n s i t i o n  
s t r e n g t h s ,  ! < n l ! r  ! n ' l ' > i a , f o r  a l l  a n g u l a r  momentum s t a t e s  
o f  n=4 a r e  p r e s e n t e d .  The t r a n s i t i o n s  r e p r e s e n t e d  a r e  f r om  
a n g u l a r  momentum s t a t e s  l ' = l + 1  ( t o p )  - -  n o t e  t h e  t o t a l  c u r v e  
c r o s s i n g  a t  l ow e n e r g y  —  and 1 1 =1—1 ( b o t t o m ) .
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1 ( 4 , 3  I r  ! X , 4 ) i
2 12
= [  2 7 4 8 7 7 9 0 6 9 4 4 / ( 3 1 5  ( 1 6  X + 1 )  ) ]
2 2 2 2 
• [  ( 1 6  X + 1 )  (X + 1 )  ( 4  X + 1 ) ( 9  X + 1 )  ]
•C 4 ]
2
! ( 4 , 3  i r  ! X, 2 ) i
2 12
= [ 6 7 1 0 8 8 6 4 / ( 3 1 5  (16  X + 1) ) ]
2 2 
•[ (X + 1) (4 X + 1 )  3
4 2
■[ 256 ( 2 5 6  X + 32 X + 1 ) ]
2
! ( 4 , 2  | r  i X , 3 ) i
2 12
= [ 4 2 9 4 9 6 7 2 9 6 / ( 4 5  ( 1 6  X + 1 )  ) ]
2 2 2
•[ (X + 1 )  ( 4  X + 1 )  ( 9  X + 1 )  ]
4 2
•[ 6 4  ( 2 5 6  X + 3 2  X + 1 ) ]
2
i ( 4 , 2  i r  i X , 1 ) i
2 12
= [ 1 0 4 8 5 7 6 / ( 4 5  (16  X + 1 ) ) J
2
•C X + 1 ]
8 6 4 2
■[256 ( 5 8 98 24  X + 2 45 7 6 0  X + 36352  X + 2240  X
50
+ 4 9 ) 3
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2
1 ( 4 , 1  | r  I X , 2 )  i
2 12
= [ 6 7 1 0 8 8 6 4 / ( 1 5  (16 X + 1) ) ]
2 2 
■[ (X + 1 ) (4 X + 1 ) ]
8 6 4 2
■[16 ( 1 6 3 8 4 0 0  X + 573440  X + 7 3 2 1 6  X + 4032 X + 8 1 ) ]
2
2 12 
= [ 1 6 3 8 4 / ( 1 5  ( 16  X + 1) ) ]
12 10 8 
■[ 256 ( 4 1 9 4 3 0 4 0 0  X + 4 5 0 8 8 7 6 8 0  X + 183435264 X
6 4 2
+ 3 5 7 9 90 40  X + 3565312  X + 173280  X + 3249)  ]
2
1 ( 4 , 0  I r  1 X , 1 ) i
2 12
= [ 1 0 4 8 5 7 6 / ( 9  ( 16  X + 1 ) ) ]
2
■[ X + 1 ]
12 10 8 
■[ 64 ( 1 5 0 9 9 4 9 4 4  X + 132120576  X + 45023232  X
6 4 2
+7 6 1 8 5 6 0  X + 677632  X + 3 0 17 6  X + 52 9 )  ]
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B) The q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s  a r e
2 2 - 4 a r c t a n ( x n ) / x  2 2
i< n 1 | r  | n * 1 * > ! = e________________ j (  n l  I r  j n ' l 1 )!  ,
_2n/ x 
(1 -  e )
2 2
w h e r e  i ( n 1 ! r  i n 11 1 ) I i s  g e n e r a t e d  by u s i n g  t h e  
REDUCE2 p r o g r a m  Q NE QN( n , l ) .  N o t e ,  t h e  p o l y n o m i a l  i n  t h e  
t r a n s i t i o n  s t r e n g t h  c o n n e c t i n g  | 4 , 0 >  t o  | n ' 2 >  h a s  two s i g n  
c h a n g e s .  A c c o r d i n g  t o  " D e s c a r t e s  r u l e  o f  s i g n s "  t h e  maximum 
p o s s i b l e  numbe r  o f  r e a l  p o s i t i v e  r o o t s  e q u a l s  t h e  numbe r  o f  
s i g n  c h a n g e s .  By c o m p a r i s o n  o f  F i g u r e s  6 -2  and 6 -4  i t  c an  
be  s e e n  t h a t  t h e  z e r o  i n  t r a n s i t i o n  s t r e n g t h  o c c u r s  a t  t h e  
same e n e r g y  a s  t h e  s i g n  c h a n g e  i n  t h e  m a t r i x  e l e m e n t .
2 2 
1 ( 4 , 3  i r  I X, 5 ) i
2 14
= [ 2 8 1 4 7 4 9 7 6 7 1 0 6 5 6 / ( 3 1 5  ( 16  X + 1 )  ) ]
2 2 2 2 2 
• [ ( 1 6  X + 1) (X + 1) (4  X + 1) (9 X + 1 )  (25 X + 1 ) ]
•[ 16 ]
2 2 
1 ( 4 , 3  i r  i X, 3 ) i
2 14
= [ 6 8 7 1 9 4 7 6 7 3 6 / ( 3 1 5  (16  X + 1) ) ]
2 2 2 
•[ (X + 1) (4 X + 1 ) (9 X + 1 )  ]
4 2
•[ 1024 ( 256  X + 32 X + 1 ) ]
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F i g u r e  6 - 4 .  The r a d i a l  p a r t  o f  t h e  q u a d r u p o l e  t r a n s i t i o n  
s t r e n g t h s ,  I < n l i r a ! n ' 1*> !a  , f o r  a l l  a n g u l a r  momentum s t a t e s  
o f  n=4 a r e  p r e s e n t e d .  The t r a n s i t i o n s  r e p r e s e n t e d  a r e  f r om 
a n g u l a r  momentum s t a t e s  l ' = l + 2  ( t o p ) ,  -  n o t e  t h e  z e r o s  
c a u s e d  by t h e  s i g n  c h a n g e  i n  t h e  m a t r i x  e l e m e n t  - -  l ' = l  
( c e n t e r ) ,  a n d  l ' = l - 2  ( b o t t o m ) .
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2 2 
! ( 4 , 3  i r  I X,  1) |
2 14
= [ 1 6 7 7 7 2 1 6 / ( 3 1 5  (16 ; *■ 1)  ) ]
2
■[ X + 1 ]
8 6 4
■[ 4096  (1 1075584 X + 319 4 8 8 0  X + 343552  X
2
+ 16320  X + 289)  ]
2 2 
1 ( 4 , 2  j r  I X , 4 ) J
2 14
= [ 4 3 9 8 0 4 6 5 1 1 1 0 4 / ( 4 5  (16  X + 1) ) ]
2 2 2 2 
•[ (16 X + 1) (X + 1 ) (4 X + 1 ) (9 X + 1 )  ]
4 2
•[ 64 ( 1 0 2 4  X + 64 X + 1 ) ]
2 2 
! ( 4 , 2  | r  ! X , 2 ) i
2 14
= [ 1 0 7 3 7 4 1 8 2 4 / ( 4 5  (16 X + 1) ) ]
2 2 
•[ (X + 1 ) (4 X + 1) ]
8 6 4 2
■[1024 ( 5 8 9 8 2 4  X + 196608 X + 24064  X + 1280 X + 2 5 ) ]
2 2 
! ( 4 , 2  i r  i X , 0)  !
2 14
= [ 2 6 2 1 4 4 / ( 4 5  (16  X + 1 ) ) ]
12 10 8 
■[ 16384 ( 2 4 1 5 9 1 9 1 0 4  X + 1 7 8 6 7 7 3 5 0 4  X + 5 15 9 6 4 9 2 8  X
6 4 2
+ 7 4 4 32 51 2  X + 5 7 0 9 3 1 2  X + 222784  X + 348 1 )  3
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2 2 
! ( 4 , 1  i r  i X , 3 ) !
2 14
= [ 6 8 7 1 9 4 7 6 7 3 6 / ( 1 5  (16  X + 1)  ) ]
2 2 2 
■[ (X + 1) (4 X + 1) (9 X + 1 )  ]
8 6 4 2
•[ 64 ( 1 6 38 40 0  X + 245760  X + 11776 X + 192 X + 1 )  ]
2 2
1 ( 4 , 1  | r  i X, 1 ) i
2 14
= [ 1 6 7 7 7 2 1 6 / ( 1 5  (16 X + 1) ) ]
2
• [ X + 1  ]
12 10 8 
•[ 1024 ( 4 1 9 4 30 40 0  X + 3 2 5 0 5 8 5 6 0  X + 9902 4 8 9 6  X
6 4 2
15155200  X + 1234688 X + 5 1 04 0  X + 84 1 )  ]
2 2
1 ( 4 , 0  i r  i X, 2 ) !
2 14
= [ 1 0 7 3 7 4 1 8 2 4 / ( 9  (16  X + 1)  ) ]
2 2 
■[ ( X +  1 )  ( 4  X + 1 )  ]
12 10 8 6 
•[ 4096  ( 94 3 7 1 8 4  X + 2 3 59 2 96  X + 122880 X -  9216 X
4 2
-  752  X + 8 X + 1 ) ]





Energy in  eV
F i g u r e  6 - 5 a .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=1 
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  b o und  s t a t e  a r e  p r e s e n t e d .
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Energy in  eV
F i g u r e  6 - 5 b .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=2 
f o r  t r a n s i t i o n s  f r om f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  b o u n d  s t a t e  a r e  p r e s e n t e d .






Energy in  eV
F i g u r e  6 - 5 c .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=3 
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bound s t a t e  a r e  p r e s e n t e d .









Energy in  eV
F i g u r e  6 - 5 d .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=M 
f o r  t r a n s i t i o n s  f ro m f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bound  s t a t e  a r e  p r e s e n t e d .






Energy in  eV
F i g u r e  6 - 5 e .  The d i p o l e  ( t o p )  and  q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=5 
f o r  t r a n s i t i o n s  f r o m f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bound  s t a t e  a r e  p r e s e n t e d .
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Energy in  eV
F i g u r e  6 - 5 f .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=6 
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bound  s t a t e  a r e  p r e s e n t e d .




Energy in  eV
F i g u r e  6 - 5 g .  The d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=7 
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bou n d  s t a t e  a r e  p r e s e n t e d .
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F i g u r e  6 - 5 h .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=8 
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  b o u nd  s t a t e  a r e  p r e s e n t e d .
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Energy in  eV
F i g u r e  6 - 5 i .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=9 
f o r  t r a n s i t i o n s  f r om f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  bound  s t a t e  a r e  p r e s e n t e d .
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Energy m  ev
F i g u r e  6 - 5 j .  The d i p o l e  ( t o p )  an d  q u a d r u p o l e  ( b o t t o m )  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n=10  
f o r  t r a n s i t i o n s  f rom f r e e  s t a t e s  o f  a n g u l a r  momentum g r e a t e r  
t h a n  t h e  b o u n d  s t a t e  a r e  p r e s e n t e d .
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The C r o s s  S e c t i o n s
For  t h e  c r o s s  s e c t i o n s  we s u b s t i t u t e  E q u a t i o n  ( 4 - 6 )  
i n t o  E q u a t i o n  ( 4 - 3 )  and i d e n t i f y  t h e  p a r t i a l  c r o s s  s e c t i o n  
a s  a sum o f  d i p o l e  and q u a d u p o l e  t e r m s :
o r  = 0 " ( d )  + o "  (q>
n l  n l  n l
T h e r e f o r e ,  t h e  f o r m u l a  f o r  c r o s s  s e c t i o n s  f o r  d i p o l e  
t r a n s i t i o n s  i s
2 3 2 2 
O" (d )  = ( n a n ) a  ( n 1 + n )
n l  ------- -------5— 5—
2 n n '
■ [
2  1 ! <  n 1 ! r  | n '  1 - 1 >  i




( 6 - 1 )
and t h e  c r o s s  s e c t i o n  f o r m u l a  f o r  q u a d r u p o l e  t r a n s i t o n s ,
2 2 2 u s i n g  t h e  i d e n t i t y  (ju=(ju (n + n ' ) / ( n n ' )  , becomes
2 5 2 2 5
O" ( q )  = ( na o )  a  ( n '  + n )
n l  3 10 8
2 n n '
2 2 
■ [ A ( l )  |< n 1 ! r  i n '  l + 2>  I +
2 2 2 2
B ( 1) I<n 1 | r  I n '  1>j  + C ( l )  | <n  1 | r  I n '  l - 2 >  | ] ,
( 6 - 2 )
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where  we h a v e  s i m p l i f i e d  by u s i n g  t h e  i d e n t i t i e s  e 2/ a  =2fiiJU1o
and e 2= ah c  so  t h a t  CU-j/c i s  w r i t t e n  a/2aQ.
In  F i g u r e s  6 - 6 a  t h r o u g h  6 - 6 t  we p l o t  t h e  c r o s s  s e c t i o n s  
f o r  r e c o m b i n a t i o n  i n t o  a l l  bound s t a t e s  up t o  ! 2 0 , 1 9 >  a s  a 
f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  i n c o m i n g  e l e c t r o n .
The c u r v e  c r o s s i n g  b e h a v i o r  o f  t h e  t r a n s i t i o n  s t r e n g t h s  f o r  
f r e e  s t a t e  a n g u l a r  momentum g r e a t e r  t h a n  bound s t a t e  ( 1 ' > 1 )  
i s  e x h i b i t e d  by t h e  c r o s s  s e c t i o n s .  T h i s  i s  b e c a u s e  t h e  
t r a n s i t i o n  s t r e n g t h s  w i t h  t h e  z e r o s  make an i m p o r t a n t  
c o n t r i b u t i o n  t o  t h e  p a r t i a l  c r o s s  s e c t i o n .  The z e r o s  f rom 
t h e  q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s  c a u s e  z e r o s  i n  t h e  
q u a d r u p o l e  c r o s s  s e c t i o n s  f o r  bound s  s t a t e s  b e c a u s e  t h e r e  
i s  o n l y  o n e  a l l o w e d  q u a d r u p o l e  t r a n s i t i o n  i n t o  an 1=0 s t a t e .  
The r e m a i n i n g  z e r o s ,  h o w e v e r ,  c a u s e  m i n i m a  i n  t h e  c r o s s  
s e c t i o n s  b e c a u s e  t h e y  a r e  added t o  o t h e r  t r a n s i t i o n  
s t r e n g t h s  w h i c h  do n o t  ha v e  z e r o s .












F i g u r e  6 - 6 a .  The  d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=1 a r e  p r e s e n t e d .







F i g u r e  6 - 6 b .  The  d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=2 a r e  p r e s e n t e d .
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F i g u r e  6 - 6 c .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=3 a r e  p r e s e n t e d .






ENERGY I N  EU
F i g u r e  6 - 6 d .  The  d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=4 a r e  p r e s e n t e d .
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F i g u r e  6 - 6 e .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=5 a r e  p r e s e n t e d .









ENERGY IN  EU
F i g u r e  6 - 6 f .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n=5 a r e  p r e s e n t e d .
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F i g u r e  6 - 6 h .  The d i p o l e  ( t o p )  and  q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n =8 a r e  p r e s e n t e d .
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ENERGY IN EV
F i g u r e  6 - 6 j .  The d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  
s e c t i o n s  f o r  r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  
o f  n =10 a r e  p r e s e n t e d .
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F i g u r e  6 - 6 k .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 1 .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 m .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 n .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 o .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 p .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 q .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 r .  T h e  d i p o l e  ( t o p )  a n d  q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r
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F i g u r e  6 - 6 s .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r  
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F i g u r e  6 - 6 t .  The d i p o l e  ( t o p )  and q u a d r u p o l e  ( b o t t o m )  c r o s s  s e c t i o n s  f o r  
r e c o m b i n a t i o n  i n t o  a l l  a n g u l a r  momentum s t a t e s  o f  n =20 a r e  p r e s e n t e d .
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5.  P h y s i c a l  I n t e r p r e t a t i o n
At h i g h  e n e r g y ,  t h e  t r a n s i t i o n  s t r e n g t h s  f o r  z e r o  
a n g u l a r  momentum h a v e  t h e  g r e a t e s t  v a l u e  and d e c r e a s e  w i t h  
i n c r e a s i n g  a n g u l a r  momentum quan t um number  1 .  T h i s  o r d e r  i s  
a l s o  f o l l o w e d ,  a t  l ow  e n e r g y ,  by t h e  t r a n s i t i o n  s t r e n g t h s  
t h a t  h a v e  a f r e e  s t a t e  a n g u l a r  momentum l e s s  t h a n  o r  e q u a l  
t o  t h e  bound s t a t e .  However ,  f o r  t r a n s i t i o n s  w i t h  t h e  f r e e  
s t a t e  a n g u l a r  momentum g r e a t e r  t h a n  t h e  bound  s t a t e  ( l ' = l +1 
f o r  t h e  d i p o l e  c a s e  and l ' = l +2 f o r  t h e  q u a d r u p o l e )  t h e  o r d e r  
o f  t h e  c u r v e s  r e v e r s e  a s  t h e  e n e r g y  o f  t h e  f r e e  e l e c t r o n  
a p p r o a c h e s  z e r o .  They  r e v e r s e  b e c a u s e  t h e  t r a n s i t i o n  
s t r e n g t h s  w i t h  t h e  g r e a t e s t  a n g u l a r  momentum i n c r e a s e  more  
r a p i d l y ,  w i t h  d e c r e a s i n g  e n e r g y ,  t h e r e b y  c r o s s i n g  o v e r  t h e  
c u r v e s  o f  l o w e r  a n g u l a r  momentum.  T h i s  b e h a v i o r  can  be  s e e n  
mos t  r e a d i l y  i n  F i g u r e s  6 - 5b  t h r o u g h  6-5j wh e r e  t h e  
t r a n s i t i o n  s t r e n g t h s  a s  a f u n c t i o n  o f  t h e  f r e e  e l e c t r o n  
k i n e t i c  e n e r g y  a r e  p l o t t e d .  Fo r  n=2 ( F i g u r e  6 - 5 b )  t h e r e  a r e  
o n l y  two c u r v e s  and t h e  c r o s s i n g  t a k e s  p l a c e  a t  a b o u t  10 eV.  
For  n=3 ( F i g u r e  6 - 5 c )  t h e  f i r s t  c r o s s i n g  t a k e s  p l a c e ,  a g a i n ,  
a t  a b o u t  10 eV w i t h  two more a t  l o w e r  e n e r g i e s .  T h r ou g h  n=4 
( F i g u r e  6 - 5 d )  f o r  t h e  q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s  and 
n=3 ( F i g u r e  6 - 5 c )  f o r  t h e  d i p o l e  t r a n s i t i o n  s t r e n g t h s  t h e  
r e v e r s a l  i s  c o m p l e t e ;  f o r  s t a t e s  o f  h i g h e r  p r i n c i p a l  
quan t um number  t h e  c u r v e  c r o s s i n g  i s  i n c o m p l e t e ,  b u t  o n l y  
b e c a u s e  t h e  c o m p l e t e  r e v e r s a l  a p p e a r s  a t  e n e r g i e s  l o w e r  t h a n  
t h e  l o w e s t  e n e r g y  d i s p l a y e d .  The p a t t e r n ,  t h a t  c a n  b e  s e e n  
by i n s p e c t i o n  o f  t h e  r e s t  o f  t h e  c u r v e s  f o r  t r a n s i t i o n
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s t r e n g t h s ,  i s  ( a )  t h e  h i g h e r  t h e  p r i n c i p a l  quantum number  
t h e  l o w e r  t h e  e n e r g y  r e q u i r e d  t o  e x h i b i t  c o m p l e t e  c u r v e  
r e v e r s a l ,  and  ( b )  s t a t e s  o f  h i g h  a n g u l a r  momentum c r o s s  a t  
l o w e r  e n e r g i e s .  The q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s  a l s o  
e x h i b i t  c u r v e  r e v e r s a l  a t  l ow e n e r g i e s ;  i n d e e d ,  t h e y  a r e  in  
a more  a d v a n c e d  s t a g e  t h a n  f o r  t h e  d i p o l e  t r a n s i t i o n  
s t r e n g t h s .  F o r  e x a m p l e ,  t h e  d i p o l e  t r a n s i t i o n  s t r e n g t h  
c u r v e s  f o r  n=7 ( F i g u r e  6 - 5 g  t o p )  and 1=5 and 1=6 s t a t e s  h a v e  
n o t ,  a s  o f  0 . 0 1  eV,  y e t  c o m p l e t e l y  c r o s s e d  t h e  l o w e r  a n g u l a r  
momentum c u r v e s ,  w h i l e ,  f o r  t h e  q u a d r u p o l e  c a s e  ( F i g u r e  6 - 5 a  
b o t t o m )  o n l y  t h e  1=6 s t a t e  c u r v e  i s  l e f t  t o  c r o s s  1=4 and 5 
a t  0 . 01  eV.
In a d d i t i o n ,  a t  e n e r g i e s  l e s s  t h a n  2 eV,  some 
q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s  v a n i s h  f o r  c e r t a i n  v a l u e s  o f  
t h e  f r e e  e l e c t r o n  k i n e t i c  e n e r g y ,  and  t h i s  h a s  t h e  e f f e c t  o f  
p r o d u c i n g  m i n i m a  i n  t h e  c o r r e s p o n d i n g  c r o s s  s e c t i o n s  a t  
t h o s e  v a l u e s  o f  w. The maximum number  o f  t h e s e  z e r o s  can  be  
d e t e r m i n e d  by i n s p e c t i o n  o f  t h e  f o r m u l a s  f o r  t h e  t r a n s i t i o n  
s t r e n g t h s .  The d e t a i l e d  b e h a v i o r ,  h o w e v e r ,  c an  o n l y  be  
d e t e r m i n e d  by c a l c u l a t i n g  t h e i r  n u m e r i c a l  v a l u e s  a s  a 
f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  i n c o m i n g  e l e c t r o n .
The f i r s t  z e r o  o c c u r s  f o r  t h e  b o u n d - f r e e  t r a n s i t i o n  i n t o  
! 3 , 0 > f rom | W , 2 >, and o t h e r  z e r o s  o c c u r  a t  h i g h e r  v a l u e s  o f  
n and 1 .
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In an a t t e m p t  t o  a c c o u n t  f o r  t h e  c u r v e  c r o s s i n g s  and 
t h e  z e r o s  we o f f e r  t h e  f o l l o w i n g  h e u r i s t i c  a r g u m e n t  - -  an 
a r g u m e n t  w h i c h  i s  b a s e d  on t h e  a n g u l a r  momentum 
r e l a t i o n s h i p s  b e t we e n  t h e  bound  and t h e  f r e e  s t a t e s .
A t r a n s i t i o n  i s  mo s t  p r o b a b l e  i f  t h e  bound and f r e e  
s t a t e  wave f u n c t i o n s  h a v e  a l a r g e  o v e r l a p .  T h i s  i s  t r u e ,  i n  
g e n e r a l ,  a t  l ow e n e r g i e s .  T h e n ,  a s  t h e  k i n e t i c  e n e r g y  o f  
t h e  f r e e  e l e c t r o n  i n c r e a s e s  - -  t h e  f r e e  s t a t e  wave f u n c t i o n  
c o n t r a c t s  - -  p o s i t i v e  and n e g a t i v e  c o n t r i b u t i o n s  t o  t h e  
r a d i a l  i n t e g r a l  c a n c e l  e a c h  o t h e r  c a u s i n g  t h e  m a t r i x  
e l e m e n t s  t o  d e c r e a s e  i n  v a l u e .  T h u s ,  m a t r i x  e l e m e n t s  h a v e  
maximum a b s o l u t e  v a l u e s  a t  z e r o  e n e r g y  o f  t h e  f r e e  e l e c t r o n  
and d e c r e a s e  m o n o t o n i c a l l y  t o  z e r o  a s  e n e r g y  i n c r e a s e s  ( s e e  
F i g u r e s  6-1 and  5 - 3 ) .  T h i s  i s  a l w a y s  t h e  c a s e  f o r  t h e  
d i p o l e  m a t r i x  e l e m e n t s  o f  h y d r o g e n .  We now e x t e n d  t h i s  
a r g u e m e n t  t o  i n c l u d e  i n f o r m a t i o n  on a n g u l a r  momentum.  When 
t h e  f r e e  s t a t e  h a s  a g r e a t e r  a n g u l a r  momentum t h a n  t h e  bound 
s t a t e ,  t h e  c e n t r i f u g a l  b a r r i e r  c a u s e s  t h e  f r e e  s t a t e  wave 
f u n c t i o n  t o  b e  l o c a t e d  f a r t h e r  f r om t h e  o r i g i n  t h a n  t h e  
bound s t a t e .  T h i s  d e c r e a s e s  t h e  r e g i o n  o f  g r e a t e s t  o v e r l a p  
and c a u s e s  t h e  m a t r i x  e l e m e n t  t o  h a v e  a s m a l l e r  v a l u e .  The 
s e p a r a t i o n  o f  t h e  f r e e  s t a t e  f r om  t h e  bound s t a t e  h a s  a more  
p r o n o u n c e d  e f f e c t  f o r  l o w e r  a n g u l a r  momentum f i n a l  bound 
s t a t e s  b e c a u s e  t h e  bound s t a t e  wave  f u n c t i o n  i s  more  
l o c a l i z e d  a b o u t  t h e  n u c l e u s .  T h i s  i s  wha t  c a u s e s  t h e  l o w e r  
a n g u l a r  momentum c u r v e s  t o  d e c r e a s e  i n  r e l a t i v e  i m p o r t a n c e  
a s  e n e r g y  d e c r e a s e s .  F u t h e r m o r e ,  t h e  f r e e  s t a t e  f o r  a
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q u a d r u p o l e  t r a n s i t i o n  ( l ' = l + 2 ) i s  e v e n  f u r t h e r  f rom t h e  
bound s t a t e  t h a n  would  be t h e  c o r r e s p o n d i n g  f r e e  s t a t e  f o r  
t h e  d i p o l e  t r a n s i t i o n .  T h us ,  d e c r e a s e d  v a l u e s  o f  t h e  m a t r i x  
e l e m e n t s  a r e  e x h i b i t e d  by b o t h  t h e  d i p o l e  and q u a d r u p o l e  
t r a n s i t i o n  s t r e n g t h s ,  b u t  t h e  q u a d r u p o l e  c u r v e  c r o s s i n g s  
h a p p e n  s o o n e r  ( a t  h i g h e r  e n e r g i e s ) ,  b e c a u s e  t h e  f r e e  s t a t e s  
f o r  q u a d r u p o l e  t r a n s i t i o n s  a r e  f u r t h e r  f rom t h e  o r i g i n  t h a n  
a r e  t h e  f r e e  s t a t e s  f o r  t h e  d i p o l e  t r a n s i t i o n s .
I n  a d d i t i o n  t o  t h e  i n c r e a s e d  c e n t r i f u g a l  b a r r i e r ,  t h e  
q u a d r u p o l e  m a t r i x  e l e m e n t s  h a v e  an e x t r a  m u l t i p l i c a t i v e  
v a l u e  o f  r .  T h i s  w e i g h t s  t h e  m a t r i x  e l e m e n t s  away f rom t h e  
o r i g i n .  I f  o t h e r  " c o n d i t i o n s "  a r e  r i g h t  a s i g n  c h a n g e  f o r  
t h e  v a l u e  o f  t h e  m a t r i x  e l e m e n t  c a n  o c c u r .  T h e n ,  a s  e n e r g y  
i n c r e a s e s  and  t h e  c o n t i n u u m  wave f u n c t i o n  c o n t r a c t s  t h e  
v a l u e  o f  t h e  m a t r i x  e l e m e n t  s we e p s  t h r o u g h  a z e r o ,  h a s  a 
maximum a b s o l u t e  v a l u e  and f i n a l l y  d e c a y s  t o w a r d  z e r o  i n  a 
" n o r m a l "  h y d r o g e n i c  f a s h i o n .  A g a i n ,  a s  i n  t h e  c a s e  o f  c u r v e  
c r o s s i n g s ,  t h e  z e r o s  o c c u r  f o r  t r a n s i t i o n s  i n t o  bound  s t a t e s  
w i t h  t h e  l o w e s t  a n g u l a r  momentum,  t h o s e  c o n c e n t r a t e d  n e a r  
t h e  n u c l e u s ,  and come f rom f r e e  s t a t e s  t h a t  a r e  c o n c e n t r a t e d  
f a r t h e s t  away —  t h e s e  a r t  t h e  " c o n d i t i o n s "  n e c e s s a r y  f o r  
t h e  s i g n  c h a n g e  i n  t h e  m a t r i x  e l e m e n t  t o  o c c u r .
A l t h o u g h  t h e  a b o v e  a r g u m e n t  q u a l i t a t i v e l y  a c c o u n t s  f o r  
b o t h  c u r v e  c r o s s i n g  and z e r o s ,  i t  i s  c l e a r ,  t h a t  t h e y  a r e  
r a t h e r  d i s t i n c t :  c u r v e  c r o s s i n g s  e x i s t  f o r  t h e  d i p o l e
t r a n s i t i o n s ,  w h i l e  z e r o s  do n o t ;  t h e y  b o t h  e x i s t  f o r
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q u a d r u p o l e  t r a n s i t i o n s .  In  o r d e r  t o  a c c o u n t  f o r  t h e  z e r o s  a 
f u l l  w a v e - m e c h a n i c a l  t r e a t m e n t  mu s t  be u s e d ,  b u t  a s i m p l e  
c l a s s i c a l  a r g u m e n t  c a n  be u s ed  t o  a c c o u n t  f o r  t h e  c u r v e  
c r o s s i n g s .  At low e n e r g y  and h i g h  a n g u l a r  momentum 
p a r t i c l e s  a r e  e x c l u d e d  f rom t h e  r e g i o n  n e a r  t h e  n u c l e u s  by 
t h e  c e n t r i f u g a l  b a r r i e r ;  t h e r e b y ,  r e d u c i n g  c o n t a c t  w i t h  t h e  
bound s t a t e  and m a k i n g  a t r a n s i t i o n  i n t o  t h a t  s t a t e  l e s s  
p r o b a b l e .  I f  t h e  k i n e t i c  e n e r g y  o f  t h e  p a r t i c l e  i s  
i n c r e a s e d ,  i t  c a n  p e n e t r a t e  t h e  b a r r i e r  f u r t h e r  making  more  
p r o b a b l e  t h e  t r a n s i t i o n .  Thus ,  a t  h i g h  e n e r g i e s  t h e  
t r a n s i t i o n  p r o b a b i l i t i e s  f o r  s s t a t e s  t a k e  t h e i r  " n o r m a l "  
d o m i n a n t  v a l u e s  and  p r o b a b i l i t i e s  d e c r e a s e  w i t h  i n c r e a s i n g  
a n g u l a r  momentum.
We would  l i k e  t o  n o t e ,  a t  t h i s  p o i n t ,  t h a t  t h e r e  a r e  
m u l t i - e l e c t r o n  s y s t e m s  wh e r e  z e r o s  o c c u r  i n  t h e  b o u n d - f r e e  
and b o u n d - b o u n d  d i p o l e  t r a n s i t i o n  s t r e n g t h s .  These  z e r o s  
p r o d u c e  t h e  w e l l  known Cooper  m i n i m a .  The r e a s o n  t h e s e  
z e r o s  a p p e a r  i s  t h a t  t h e  m a t r i x  e l e m e n t  h a s  a z e r o  v a l u e  f o r  
some k i n e t i c  e n e r g y  o f  t h e  f r e e  e l e c t r o n .  Thes e  z e r o s  a r e  
a t t r i b u t e d  t o  t h e  d e p a r t u r e  o f  t h e  wave  f u n c t i o n s  f rom a 
p u r e l y  h y d r o g e n i c  b e h a v i o r .
As a means  o f  c o m p a r i s o n  we w o u l d  l i k e  t o  d i s c u s s ,  i n  
more d e t a i l ,  t h e  phenomenon  o f  Coope r  mi n i ma  which  o c c u r s  
d u r i n g  t h e  p r o c e s s  o f  p h o t o - i o n i z a t i o n .  Z e r o s  o c c u r  i n  t h e  
d i p o l e  m a t r i x  e l e m e n t s  f o r  p h o t o - i o n i z a t i o n  f rom g r o u n d  and 
e x c i t e d  s t a t e s  o f  m u l t i - e l e c t r o n  s y s t e m s  i n  b o t h  t h e  1—>1+1
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and 1 —»1-1 t r a n s i t i o n s  [ 5 , 3 5 - 4 1 ] .  T h e s e  z e r o s  do  n o t  o c c u r  
i n  t h e  d i p o l e  m a t r i x  e l e m e n t s  f o r  h y d r o g e n  g r o u n d  o r  e x c i t e d  
s t a t e s .  Th us ,  t h i s  b e h a v i o r  i s  due  t o  t h e  d e v i a t i o n  o f  t h e  
a t o m i c  wave f u n c t i o n s  f r om  a p u r e l y  h y d r o g e n i c  d e s c r i p t i o n .  
The z e r o s  a p p e a r ,  a t  s p e c i f i c  w, b e c a u s e  p o s i t i v e  and 
n e g a t i v e  c o n t r i b u t i o n s  t o  t h e  m a t r i x  e l e m e n t s  e x a c t l y  c a n c e l  
e a c h  o t h e r .  The p a r t i a l  c r o s s  s e c t i o n  f o r  p h o t o - i o n i z a t i o n  
i s  g i v e n  by [ 6 ]
CT(W) = 4nq N ( n l )  (w-w , )
3 (21+Y-)
2 2 
[1 |< n 1 ! r  i n '  1- 1 > i + ( 1+ 1 ) !< n 1 i r  ! n '  1+1>|  ] ,
w h e r e  wn ]_ and w a r e  t h e  b i n d i n g  e n e r g y  and p h o t o e l e c t r o n  
e n e r g y  r e s p e c t i v e l y  and  w i s  r e l a t e d  t o  t h e  f r e e  s t a t e  
q u an t um number n '  by t h e  f o r m u l a  w = R y / n ' 2 .  a i s  t h e  f i n e  
s t r u c t u r e  c o n s t a n t ,  aQ i s  t h e  Bohr r a d i u s  and  N ( n l )  i s  t h e  
number  o f  e l e c t r o n s  i n  t h e  s u b s h e l l .  A minimum can  a p p e a r  
i n  t h e  c r o s s  s e c t i o n  i f  on e  o f  t h e  t r a n s i t i o n  s t r e n g t h s  h a s  
a z e r o .  These  mi n i ma  a r e  known a s  Cooper  m i n i m a ,  and q u i t e  
a number  have  b e e n  f o u n d  b o t h  t h e o r e t i c a l l y  and 
e x p e r i m e n t a l l y .
Be c a u s e  t h e  " f i n a l  s i z e "  o f  t h e  h y d r o g e n  a tom grows  t o  
a p p r o a c h  t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  r a d i a t i o n  ( s e e  F i g u r e  
4 - 1 ) ,  we were  l e a d  t o  e x a m i n e  t h e  r e l a t i v e  c o n t r i b u t i o n s  o f  
q u a d r u p o l e  t r a n s i t i o n s  t o  t h e  r e c o m b i n a t i o n  p r o c e s s .  In 
F i g u r e  6 - 7  we p l o t  t h e  r a t i o s  o f  q u a d r u p o l e  t o  d i p o l e  c r o s s
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F i g u r e  6 - 7 . R a t i o s  o f  t h e  q u a d r u p o l e  t o  d i p o l e  c r o s s  
s e c t i o n s  f o r  n = 5 , 1 0 , 15 and 20  a s  a f u n c t i o n  o f  e n e r g y  
a r e  p r e s e n t e d .
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s e c t i o n s  a s  a f u n c t i o n  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  i n c o m i n g  
e l e c t r o n  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  n = 5 ,  10, 15 
and 20 .  We s e e  t h a t  t h e  r e l a t i v e  c o n t r i b u t i o n s  i n c r e a s e ,  a s  
e x p e c t e d ,  w i t h  n ;  we a l s o  s e e  t h a t  t h e  r e l a t i v e  
c o n t r i b u t i o n s  i n c r e a s e  w i t h  1 .  T n i s  i s ,  p e r h a p s ,  n o t  
t o t a l l y  e x p e c t e d  b e c a u s e  t h e  " f i n a l  s i z e "  o f  h y d r o g e n  
d e c r e a s e s  w i t h  i n c r e a s i n g  a n g u l a r  momentum - -  a s  can be s e e n  
by e x a m i n a t i o n  o f  t h e  f o r m u l a  f o r  t h e  mean v a l u e  o f  r  [ 6 ] :
2
<r> =  1_ [ 3n -  1 ( 1  + 1) ]
2Z
At f i r s t  t h i s  may seem a p a r a d o x ,  b u t  i t  i s  n o t  d i f f i c u l t  t o  
e x p l a i n .  We h a v e  be e n  u s i n g  t h e  " f i n a l  s i z e "  o f  t h e  
h y d r o g e n  a t o m  i n  o u r  q u a l i t a t i v e  a r g u m e n t s  f o r  t h e  
i m p o r t a n c e  o f  q u a d r u p o l e  t r a n s i t i o n s ,  w h e r e a s  we s h o u l d  have  
been  u s i n g  t h e  " s i z e  o f  t h e  r a d i a t i n g  s y s t e m " ;  r a d i a t i n g  
s y s t e m s  w i t h  l a r g e r  a n g u l a r  momenta  h a v e  l a r g e r  i m p a c t  
p a r a m e t e r s  (1 = mvb - -  w i t h  v c o n s t a n t )  a n d ,  t h e r e f o r e ,  a r e  
l a r g e r  d u r i n g  t h e  r a d i a t i o n  p r o c e s s .
In  t h e  e n e r g y  r a n g e  o f  one  t o  t e n  e l e c t r o n  v o l t s ,  b a s e d  
on o u r  q u a l i t a t i v e  a r g u m e n t  o f  t h e  r e l a t i v e  s i z e  o f  t h e  
h y d r o g e n  a t om t o  t h e  w a v e l e n g t h  o f  t h e  e m i t t e d  r a d i a t i o n ,  we 
were  e x p e c t i n g  q u a d r u p o l e  t r a n s i t i o n s  i n t o  s t a t e s  w i t h  
p r i n c i p l e  q u a n t u m  numbers  g r e a t e r  t h a n  15 t o  h a v e  a r e l a t i v e  
i m p o r t a n c e  w h i c h  c o u l d  be c a l l e d  s i g n i f i c a n t  ( g r e a t e r  t h a n  
one  o n e - h u n d r e d t h  - -  t h i s  f i g u r e  was a r r i v e d  a t  b e c a u s e  o f  
t h e  a c c u r a c i e s  r e p o r t e d  by B u r g e s s  [ 2 7 ]  i n  h i s  work on
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r e c o m b i n a t i o n  c o e f f i c i e n t s  and  p h o t o - i o n i z a t i o n  c r o s s  
s e c t i o n s ) .  We can  s e e ,  by e x a m i n a t i o n  o f  F i g u r e  6 - 7 ,  t h a t  
t h i s  i s ,  i n d e e d ,  t r u e  f o r  t h e  h i g h e r  a n g u l a r  momentum s t a t e s  
o f  n = 1 5 ,  and  d o e s  a p p r o a c h  o n e  t e n t h  f o r  n=20.
I n  r e v i e w ,  we ha v e  c a l c u l a t e d  t h e  p a r t i a l  r a d i a t i v e  
r e c o m b i n a t i o n  c r o s s  s e c t i o n s  f o r  a l l  bound s t a t e s  o f  
h y d r o g e n  up t o  n=20 i n c l u d i n g  c o n t r i b u t i o n s  f rom d i p o l e  and 
q u a d r u p o l e  t r a n s i t i o n s .  T h i s  was  d o n e  b e c a u s e ,  f o r  
r e c o m b i n a t i o n  i n t o  h i g h l y  e x c i t e d  s t a t e s ,  t h e  w a v e l e n g t h  o f  
t h e  e m i t t e d  p h o t o n  i s  n o t  much l a r g e r  t h a n  t h e  " e f f e c t i v e  
s i z e "  o f  t h e  r a d i a t o r .  In o r d e r  t o  c a l c u l a t e  t h e s e  c r o s s  
s e c t i o n s  we g e n e r a t e d  t h e  t r a n s i t i o n  s t r e n g t h s ,  i n  c l o s e d  
a n a l y t i c a l  f o r m ,  u s i n g  t h e  Coulomb wave f u n c t i o n s  f o r  t h e  
d e s c r i p t i o n  o f ,  n o t  o n l y  t h e  b o u n d ,  b u t  t h e  f r e e  s t a t e  
b e c a u s e  f o r  l o w  e n e r g y  r e c o m b i n a t i o n s  t h e  Coulomb f i e l d  o f  
t h e  p r o t o n ,  on t h e  e l e c t r o n ,  c a n n o t  be  i g n o r e d .  The 
t r a n s i t i o n  s t r e n g t h s ,  o r  t h e  m a t r i x  e l e m e n t s ,  h a v e  o n l y  b e e n  
p r e s e n t e d  i n  t h i s  form f o r  t h e  l o w e s t  bound s t a t e s  b e c a u s e  
o f  t h e  e x t r e m e  c o m p l e x i t y  o f  t h e  d e r i v a t i o n s .  We h a v e  b e e n  
a b l e  t o  o v e r c o m e  t h i s  p r o b l e m  u s i n g  t h e  a l g e b r a i c  
p r o g r a m m i n g  p a c k a g e  REDUCE2, and t h e  a c c u r a c y  o f  o u r  r e s u l t s  
i s  l i m i t e d  o n l y  by t h e  a c c u r a c y  o f  t h e  c o n s t a n t s  we u s e d  - -  
e i g h t  s i g n i f i c a n t  f i g u r e s .  V a l u e s  o f  t h e  t r a n s i t i o n  
s t r e n g t h s  were  compared  w i t h  t h e  v a l u e s  p r e s e n t e d  by B u r g e s s  
[ 2 7 ] .  When r o u n d e d  t o  f i v e  s i g n i f i c a n t  f i g u r e s  t h e  two 
m e t h o d s  a g r e e  o v e r  90% o f  t h e  t i m e .  The d i s a g r e e m e n t  i s  du e  
t o  e r r o r  p r o p a g a t i o n  i n  B u r g e s s '  n u m e r i c a l  m e t h o d .
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A l s o ,  a s  a me ans  o f  c o m p a r i s o n ,  we sum t h e  p a r t i a l  
c r o s s  s e c t i o n s  f o r  ou r  e x a c t  s o l u t i o n s  o v e r  t h e  a n g u l a r  
momentum s t a t e s  o f  n=1 and n=3 and p l o t  t h e s e  c u r v e s  ( s e e  
F i g u r e  6 - 8 )  a l o n g  w i t h  t h e  v a l u e s  f r om an a p p r o x i m a t e  
f o r m u l a  [ 6 ]
2 2 2 
H" = 1 . 9 6  n e ft 1
n 2 3 ' T
m c io(u) -oi ) n
n
T h i s  f o r m u l a  i s  good f o r  l ow e n e r g y ,  a n d ,  a s  can  be  s e e n  by  
i n s p e c t i o n  o f  t h e  c u r v e s ,  i t  i s  m o s t  a c c u r a t e  i n  t h e  e n e r g y  
r a n g e  b e t w e e n  o n e  and 100 eV.





F i g u r e  6 -  8 • A c o m p a r i s o n  o f  t h e  e x a c t  s o l u t i o n  ( d a s h e d  
l i n e )  - -  summed o v e r  a n g u l a r  momentum s t a t e s  - -  t o  an 
a p p r o x i m a t e  s o l u t i o n  ( s o l i d  l i n e )  f o r  t h e  c r o s s  s e c t i o n s  a s  
a f u n c t i o n  o f  e n e r g y  o f  t h e  i n c o m i n g  e l e c t r o n  a r e  p r e s e n t e d .
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V I I .  CONCLUSIONS AND COMMENTS
The m e t h o d  we h a v e  d e v e l o p e d  f o r  t h e  s t u d y  o f  t h e  
r e c o m b i n a t i o n  p r o c e s s  a s  i t  o c c u r s  i n  i n t e r s t e l l a r  H I I  
r e g i o n s  was i n  r e s p o n s e  t o  a h y p o t h e s i s  t h a t  h i g h e r  
m u l t i p o l e  t r a n s i t i o n s  would become i n c r e a s i n g l y  more 
i m p o r t a n t  a s  t h e  f i n a l  s i z e  o f  t h e  h y d r o g e n  a tom i n c r e a s e d .  
We h a v e  f o u n d  t h i s  t o  be  t r u e .  I n d e e d ,  we h a v e  found t h a t  
t h e  r e l a t i v e  i m p o r t a n c e  o f  q u a d r u p o l e  t r a n s i t i o n s  i n t o  h i g h  
a n g u l a r  momentum s t a t e s  (1  >15)  i s  s e v e r a l  o r d e r s  o f  
m a g n i t u d e  g r e a t e r  t h a n  f o r  l o w e r  a n g u l a r  momentum s t a t e s .
An i m p o r t a n t  a p p l i c a t i o n  o f  t h i s  r e s u l t  would  be f o r  t h e  
c a l c u l a t i o n  o f  t h e  s o - c a l l e d  " r e c o m b i n a t i o n  s p e c t r u m "  f rom 
i n t e r s t e l l a r  H I I  c l o u d s .  T h i s  s p e c t r u m  r e s u l t s  f rom t h e  
e l e c t r o n  c a s c a d e  w h i c h ,  i n  f a c t ,  f o l l o w s  t h e  r e c o m b i n a t i o n  
p r o c e s s .  I f  t h e  q u a d r u p o l e  t r a n s i t i o n s  a r e  i n c l u d e d  f o r  t h e  
r e c o m b i n a t i o n  p r o c e s s  t h e  i n i t i a l  p o p u l a t i o n  d i s t r i b u t i o n  
w i l l  be  m o d i f i e d .  I t  w i l l  h a v e  more  e l e c t r o n s  i n  h i g h e r  
a n g u l a r  momentum s t a t e s .  The r e s u l t i n g  c a s c a d e  s p e c t r u m  
w i l l  h a v e  mor e  p h o t o n s  e m i t t e d  a t  l o w e r  e n e r g i e s  t h a n  i n  t h e  
c a s e  w h e r e  o n l y  d i p o l e  t r a n s i t i o n s  w e r e  i n c l u d e d  f o r  t h e  
r e c o m b i n a t i o n  p r o c e s s .  F u r t h e r ,  t h e  e f f e c t s  o f  s t i l l  h i g h e r  
o r d e r  m u l t i p o l e  t r a n s i t i o n s  s h o u l d  be  i n v e s t i g a t e d  f o r  a 
c o m p l e t e  e x a m i n a t i o n  o f  t h e  c a p t u r e - c a s c a d e  p r o b l e m  in 
i n t e r s t e l l a r  H I I  r e g i o n s  b e c a u s e  r e c o m b i n a t i o n  i n t o  s t a t e s  
o f  v e r y  h i g h  q u a n t u m  numbers  ( n = 2 5 0 )  h a v e  b e e n  o b s e r v e d .
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Of p a r t i c u l a r  i n t e r e s t  a r e  t h e  C o o p e r - l i k e  mi n i ma  shown 
t o  e x i s t  i n  t h e  q u a d r u p o l e  c r o s s  s e c t i o n s  f o r  a t o m i c  
h y d r o g e n ,  w h e r e  t h e r e  a r e  no m i n i m a  in t h e  d i p o l e  c r o s s  
s e c t i o n s .  The f a c t  t h a t  z e r o s  e x i s t  i n  d i p o l e  m a t r i x  
e l e m e n t s  f o r  a t o mi c  s y s t e m s  i s  w e l l  known.  T h e r e  h a s  been  
some r e c e n t  work on t h e  e x i s t e n c e  o f  z e r o s  i n  q u a d r u p o l e  
m a t r i x  e l e m e n t s  o f  m u l t i - e l e c t r o n  a t o m i c  s y s t e m s  [ 3 9 , 4 2 - 4 7 1 .  
F o r  i n s t a n c e ,  Wang and P r a t t  [ 4 2 ]  d i s c u s s  z e r o s  i n  t h e  n s ^  
s u b s h e l l s  o f  u r a n i u m w i t h  a g i v e n  p o t e n t i a l ;  t h e y  s u g g e s t  
t h a t  z e r o s  s h o u l d  be a g e n e r a l  f e a t u r e  f o r  a l l  m u l t i p o l e  
m a t r i x  e l e m e n t s ,  a l l  s u b s h e l l s ,  a l l  p o t e n t i a l s  and  a l l  
e l e m e n t s .  We can now s a y  t h a t  we have  f ou n d  z e r o s  i n  t h e  
s i m p l e s t  p o s s i b l e  r n u l t i p o l e  t r a n s i t i o n s  - -  t h o s e  f o r  e x c i t e d  
s t a t e s  o f  h y d r o g e n .
We n o t e ,  h o w e v e r ,  t h a t  a l t h o u g h  t h e  o c c u r r e n c e  o f  z e r o s  
i n  t h e  d i p o l e  t r a n s i t i o n  s t r e n g t h s  o f  a t o m i c  s y s t e m s  i s  
a t t r i b u t e d  t o  t h e  d e v i a t i o n  o f  t h e i r  wave f u n c t i o n s  f rom a 
p u r e l y  h y d r o g e n i c  d e s c r i p t i o n ,  a c l e a r  p h y s i c a l  
i n t e r p r e t a t i o n  o f  t h e  a b s e n c e  o f  z e r o s  i n  t h e  d i p o l e  
t r a n s i t i o n  s t r e n g t h s  o f  a t o m i c  h y d r o g e n  h a s  n o t  b e e n  
p r e s e n t e d .  We s e e  f rom t h i s  work t h a t  e v e n  a t o m i c  h y d r o g e n  
h a s  z e r o s  i n  h i g h e r  m u l t i p o l e  t r a n s i t i o n  s t r e n g t h s .  I t  
would  be i n t e r e s t i n g  i f  z e r o s  c o u l d  be u n d e r s t o o d  i n  a more 
g e n e r a l  way,  wh i ch  m i g h t  l e a d  t o  a b e t t e r  u n d e r s t a n d i n g  o f  
when and i n  what  s y s t e m s  C o o p e r - l i k e  mi n i ma  w i l l  be 
s i g n i f i c a n t .
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F u t u r e  work i n  t h i s  a r e a ,  i n  a d d i t i o n  t o  t h e  
c a p t u r e - c a s c a d e  p r o b l e m ,  m i g h t  i n c l u d e  t h e  s t u d y  o f  t h e  
a n g u l a r  d i s t r i b u t i o n  o f  p h o t o - e l e c t r o n s  f o r  " f o r b i d d e n "  
t r a n s i t i o n s .  The a n g u l a r  d i s t r i b u t i o n  o f  p h o t o - e l e c t r o n s  i s  
d e p e n d e n t  on t h e  t y p e  o f  t r a n s i t i o n  [ 4 8 ] .  I f  t h e  
p h o t o - i o n i z e d  e l e c t r o n  i s  o b s e r v e d  a t  an a n g l e  whe r e  d i p o l e  
a l l o w e d  e l e c t r o n s  a r e  n o t  e j e c t e d ,  o b s e r v a t i o n  o f  
" f o r b i d d e n "  t r a n s i t i o n s  may be p o s s i b l e .  T h i s  would be o n e  
way t o  d e t e c t  t h e  v a n i s h i n g  o f  t r a n s i t i o n  s t r e n g t h s  t h a t  
o c c u r  f o r  q u a d r u p o l e  t r a n s i t i o n s .  F o r  e x a m p l e ,  we f i n d  t h a t  
t h e  t r a n s i t i o n  s t r e n g t h  c o n n e c t i n g  t h e  bound  ! 3 , 0 >  w i t h  
| w , 2 >  h a s  a z e r o  a t  a b o u t  0 . 2 5  eV.  T h i s  s t a t e  can  be e a s i l y  
p o p u l a t e d  u s i n g  two l a s e r s ,  and a t h i r d  c o u l d  p h o t o - i o n i z e  
t h e  h y d r o g e n .  S we e p i n g  t h e  e n e r g y  o f  t h e  t h i r d  l a s e r  p a s t  
t h e  z e r o  would  y i e l d  a d r o p  i n  t h e  nu mb e r  o f  e j e c t e d  
e l e c t r o n s .
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APPENDIX A 
THE BOUND STATE RADIAL WAVE FUNCTIONS
The bou n d  s t a t e  r a d i a l  wave f u n c t i o n s ,  w r i t t e n  i n  t e r m s  
o f  t h e  L a g u e r r e  p o l y n o m i a l s  [ 6 , 4 9 3 ,  a r e
1/2 1 + 3 / 2  - Z r / n  1 21+1
R ( r )  = ( — 1 ) ( n—1—1 ) !  / 2 Z \  e r  L ( 2 Z r / n )
n l  372 172“  n+1
( n + 1 ) ! ( 2n )  V n /
wh e r e  n i s  t h e  p r i n c i p l e  q uan t um n u m b e r ,  1 i s  t h e  a n g u l a r
PI +1momentum qu a n t um numbe r ,  Z t h e  a t o m i c  number  and L x 1 a r en+1
t h e  L a g u e r r e  p o l y n o m i a l s  w h i c h  c an  b e  r e p r e s e n t e d  by t h e  
s e r i e s  f o rm [ 5 0 ]
m n
L (x)  = -1  n! 
n ( n-m) !
n-m n-m-1 n -m-2
x -  n ( n - m ) x  + n( n-1 ) ( n - m ) ( n - m - 1 ) x  + . , 
n ~   2-i---------------
w h i c h  i s  a f i n i t e  s e r i e s  and can  a l s o  b e  w r i t t e n  in  t h e  form
m




j  = 0 JT
( - 1  )
n - m - j  j - 1
c P |  ( n - i ) ( n - m - i )
i  = 0
L e t t i n g  n - » n + l ,  m-»2 l +1  and x - » 2 z r / n  t h e  L a g u e r r e  p o l y n o m i a l  
can  be  w r i t t e n  in  t e r m s  o f  t h e  bound  s t a t e  r a d i a l  wave 
f u n c t i o n ,  and  f i n a l l y  i n  t h e  fo rm t h a t  we u s e  f o r  o u r  
d e r i v a t i o n  o f  t h e  g e n e r a l  f o rm f o r  t h e  m a t r i x  e l e m e n t .
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n + 1 + 1  n n + 1 / 2
R ( n l )  = ( - 1  )_________ 2 Z__________
1 / 2  1 / 2
( n + 1 ) !  ( n —1 —1 ) !
B- :i  ( ^ 4  f t
j  = 0 j !  \ 2 Z r  )  i  = 0





( n + l - i ) ( n - l - 1 - i )
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APPENDIX B 
THE ANGULAR MATRIX ELEMENTS
The s q u a r e s  o f  t h e  a n g u l a r  p a r t s  o f  t h e  m a t r i x  e l e m e n t s  
summed o v e r  t h e  m and m' s u b s t a t e s  c a n  be  w r i t t e n  i n  t h e  
g e n e r a l  f o r m
q 2 £. i< 1 m i c o s  0 ( s i n G c o s ® + s i n 9 s i n ® ) ! I ' m '  >! 
mm'
( B— 1 )
The a n g u l a r  o p e r a t o r s  can  be w r i t t e n  i n  t e r m s  o f  s p h e r i c a l  
h a r m o n i c s
s i n G c o s © + s
and
i n G s i n ®  = fm h [  ( i - 1 )  Y + ( i + 1 )  Y ]
V 3 J 2 L 11 1 - 1 J
q q / 2  q
c o s  G = / 4n \  Y
\ 3 ) 10
S u b s t i t u t i o n  o f  t h e s e  i d e n t i t i e s  i n t o  t h e  m a t r i x  e l e m e n t s  o f  
E q u a t i o n  ( B - 1 )  and s q u a r i n g  g i v e s
K i m  | c o s  9 ( s i n 0 c o s ® + s i n 6 s i n ® )!  I ' m '  >i
mm
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q +1 Q 2 Q B
= / j i n \ [ X  | <1  m IY Y 11 'm'  > | + I  i <1  m | Y Y ! l ' m ’ >! ]
y3 ) mm' 10 11 ram' 10 1-1
( B - 2 )
I t  can  be s e e n ,  d u r i n g  t h e  d e r i v a t i o n  o f  t h i s  f o r m u l a ,  t h a t  
t h e  c r o s s  t e r m s  c a n c e l  b e c a u s e  t h e  i n t e g r a l  p r o d u c t  o f  t h r e e  
s p h e r i c a l  h a r m o n i c s  i s  a l w a y s  r e a l .
For  t h e  d i p o l e  c a s e  q=0 and
2
X !< 1 m | s i n 8 c o s © + s i n 0 s i n © i  I ’m' > 
mm ’
2 2 
/yn_\[  X ! <1 m !Y J1 rm1 > i + X I<1 m IY i 1 * m * > { ]
y 3 /  tnm * 11 ram1 1-1
( B - 3 )
The s e  a n g u l a r  i n t e g r a l s  can  be d o n e  u s i n g  t h e  Gaunt  F o r m u l a ,  
wh i ch  i s  a f o r m u l a  f o r  t h e  i n t e g r a l  p r o d u c t  o f  t h r e e  
s p h e r i c a l  h a r m o n i c s .  The G a u n t  f o r m u l a  [ 5 1 ]  i s
m
<1 m 1Y { l ' m ’ > = -1 /(21+1 ) ( 2 1 1 + 1 ) ( 2 L  + lT  /  l  L l ' \  fl  L 1 ’\
LM J 4n Urn M m ' )  10 0 0 J
( B - 4 )
where  t h e  3 j  s y m b o l s ,  t h e  t e r m s  i n  t h e  p a r e n t h e s e s  a r e  
s u b j e c t  t o  t h e  t r i a n g l e  c o n d i t i o n s  -m+M+m’ =0,  I ' + l + L  i s  an 
even  i n t e g e r  and  l ' + L - l ,  l ' - L + l  and - l ' + L + l  mus t  a l l  be 
g r e a t e r  t h a n  z e r o .  A p p l i c a t i o n  o f  t h e  t r i a n g l e  c o n d i t i o n s  
g i v e  t h e  s e l e c t i o n  r u l e s  f o r  t r a n s i t i o n s .
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The s q u a r e s  o f  m a t r i x  e l e m e n t s ,  r e q u i r e d  t o  f i n d  t h e  
a n g u l a r  p a r t  o f  t h e  t r a n s i t i o n  s t r e n g t h s  a r e ;
2 2 2 
I i < l  m |Y 11 1 m' > ! = (21+1 ) ( 2 l ' + 1  )3 I  ( 1 1 1 ') / l  1 l ' \ ,
mm' 11 4 mm' \-m 1 m ' /  \0 0 0 /
w i t h  t h e  c o n d i t i o n s  t h a t  ( -m+1+m=0)  and A l  = ± 1 , and
2 2 2 
Z !<1 m |Y 11 ' m' > i = (21+1 ) ( 2 1 ' + 1  )3 £  / 1 1 1 T\  (l  1 l ' \ ,
mrn' 1-1 5 mm' \ -m-1 m'/ \0 0 0 /
w i t h  t h e  c o n d i t i o n s  t h a t  ( -m-1+m=0)  and A1=±1. Hence ,
2
Z !< 1 m | s i n 0 c o s ® + s i n 6 s i n f f l I  I ' m '  >! 
mm1
2 2
= ( 2 1 + 1  ) ( 2 l ' + 1  ) I  /  1 1 l ' \  / l  1 l ' \  [ 5 ( - m + 1 + m ' ) ]
min’ \ -m 1 m ' /  ' 0  0 0 /
x [  8 ( 1 ' - 1 - 1  ) +  &( 1 * - 1 + 1  ) ]
2 2
+ (21+1 ) ( 2 1 1 +1 ) I  / 1 1 l ' W l  1 l ’\  [ 5(-m-1+m» ) ]
mm' \ - m - 1 m' /  \  0 0 0 /
x [ & ( i ' - l - i )+ 8 ( 1 ' - 1 + 1 ) ] .
( B - 5 )
U s i n g  t h e  i d e n t i t y  f o r  t h e  3 j  s y m b o l s  [ 5 1 J:
Z (1 L l ' \  (1 L 1" \  = &(1 , 1 " )  8 ( m' m" ) ,
mM Im M mv \m M m"/ 2 1 '  +1
and s e t t i n g  l ' = l "  and m'=m" t h e  i d e n t i t y  t a k e s  t h e  form
2
Z I 1 L 1 = 1
mM \m M m1/ 21+1
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T h i s  f o r m u l a  can  be  used i n  E q u a t i o n  ( B - 5 )  i n  t h e  form
i  i  L n  = _ i _
mm' \-m M m'J 2L + 1
wh e r e  a p e r m u t a t i o n  i d e n t i t y  on t h e  3 j  symbol  h a s  b e e n  u s e d .  
Fo r  t h e  d i p o l e  c a s e  L e q u a l s  1 and t h e  sum o v e r  t h e  m and m' 
s u b s t a t e s  i s  1 / 3 .  T h e r e f o r e ,  E q u a t i o n  ( B-5)  s i m p l i f i e s  t o
2
X !<1 m | s i n 6 c o s ® + s i n 9 s i n ® | 1 1m ' > i = 
mm'
2
2 T (21+1 ) ( 2 l ' + 1  ) (l  1 l ' \  [ 6 ( 1 ' - 1 - 1 )  + 6 ( 1 '  -1+1  ) ] 1 .T  I V° 0 0 /  J
L ( B - 6 )
T h i s  f o r m u l a  h a s  non z e r o  v a l u e s  f o r  two c a s e s .  F i r s t  when 
l ' = l + 1 :
2
£  !<1 m I s i n 6 c o s ® + s i n 0 s i n ® !1+1 , m’ > |
mm1
2
= _2( 21+1  ) ( 2 1 + 3 ) f  1 1 1+1 
3 \ 0  0 0
a n d ,  s e c o n d ,  when l 1= 1 - 1 :
2
X i <1 m | s i n 6 c o s ® + s i n 0 s i n ® ! 1 - 1 , m’ > |
mra'
2
= 2 . ( 2 1 + 1 ) ( 2 1 - 1 ) (1  1 1 - 1 '
3 0 0 0
By u s i n g  t h e  f o r m u l a s  f o r  s p e c i a l  c a s e s  o f  3 j  s y m b o l s
1 1 l + l \  = _ 1 ___  a nd  (l 1 l - l )  = 1 ,
0 0 0 /  ( 21 +3 ) \0  0 0 /  ( 21+1 ) ( 2 1 - 1  )
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t h e  f i n a l  r e s u l t s  a r e
2




Z !<1 m ! s i n 0 c o s ® + s i n 0 s i n © 1 1 + 1 , m ' > , = 21_ .
mm' 3
Fo r  t h e  q u a d r u p o l e  i n t e g r a l s  ( q = 1 )  E q u a t i o n  ( B- 1 )  
becomes
Z !<1 m | c o s 0 ( s i n 0 c o s © + s i n 0 s i n ® ) | 1 ' m ' > | 
mm'
= /4 n \ [ I  ! <1 m |Y Y ! 1 '  in' > ; + Z !<1 m |Y Y i 1 '  m' > ! ]
I 3 '  mm' 10 11 mrn' 10 1-1
By u s e  o f  t h e  i d e n t i t y  [ 6 ]
c o s 0  Y = yCl+m+1) ( l - m + 1 ) Y + /  ( 1 +m ) ( 1-m) Y
/  ( 21+1  ) ( 2 1 + 3 )  1 + 1 , m / (l m 1 + 1 , m  ( 2 1 + 1 ) ( 2 1 - 1  ) 1 - 1 , m
t h e  o p e r a t o r s  c a n  be  w r i t t e n  a s
Y Y = / 3  fT Y and Y Y  = #3 / T  Y
10 11 / l T t y  5 21 10 1-1  7 I n / 5 2 - 1
T h u s ,  t h e  s q u a r e  o f  t h e  q u a d r u p o l e  a n g u l a r  m a t r i x  e l e m e n t s  
can  b e  w r i t t e n  a s  f o l l o w s :
2
Z | <1  m i c o s 0 ( s i n 0 c o s ® + s i n 0 s i n ® ) ! 1 ' m ' > I 
mm'
2 2 
i n [  Z ! <1 m !Y ! 1 '  m' > ! + Z !<1 m |Y ! 1 '  in • > i ]
15 mm' 21 mm* 2-1
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F o l l o w i n g  t h e  same p r o c e d u r e  a s  i n  t h e  d i p o l e  c a s e  t h e  Gaunt  
f o r m u l a  i s  u s e d  i n  E q u a t i o n  ( B - 4 )  t o  g e t  t h e  r e s u l t s  in  
t e r m s  o f  t h e  3 j  s y m b o l s .  T h e n ,  by u s i n g  t h e  s p e c i a l  
f o r m u l a s  f o r  3 j  s y m b o l s  [ 5 2 , 5 3 ] ;
2
1 2 l + 2 \  = 3 (1+1 ) (1+2)
0 0 0 j  2 (2'l+'5'5T2T+T7T2T + 3 )"
2
1 2 1 ) = 1( 1+ 1)
v0 0 0 /  ( 2 1 + 3 )  (21+1 ) ( 2 1 - 1  )
and ,
2
1 2 1 - 2 ) = 3 1 ( 1- 1 )
0 0 0 /  2 ( 2 1 - 3 ) ( 21-1 ) ( 21+1 )
t h e  f i n a l  r e s u l t  c a n  b e  f o u n d .  F o r  t h e  q u a d r u p o l e  m a t r i x  
e l e m e n t s  t h e  s e l e c t i o n  r u l e s  on 1 a r e  Al = 0 , ± 2  w h e r e  l ' = 0  -jk 
1=0.  The s q u a r e s  o f  t h e  a n g u l a r  m a t r i x  e l e m e n t s  summed on 
t h e  m and m' s u b s t a t e s  a r e :
2
E !<lm | c o s 0 ( s i n G c o s ® + s i n 6 s i n © ) i 1+2 m’ >! = ( 1 + 1 ) ( 1 + 2 )  5 ( 1 ' - 1 - 2 )  
mm* ( 2 1 +3 )
2
£ | <  1 m | c o s 8 ( s i n 9 c o s © + s i n 0 s i n © ) | 1 m ' > |  = 2 1 ( 1 + 1 )  5 ( 1 1- 1)  
mm' 3 ( 2 1 + 3 )  ( 2 1 - 1 )
2
j; !<1 m | c o s 0 ( s i n 9 c o s ® + s i n 0 s i n ® ) 11 - 2 , m1 > ! = 1( 1-1  ) 5 ( l ' - l +2)  
mm' ( 2 1 - 1 )




T h i s  s e c t i o n  c o n t a i n s  t h e  REDUCE2 p r o g r a m s  u s e d  t o  
g e n e r a t e  t h e  m a t r i x  e l e m e n t s  and t h e  t r a n s i t i o n  s t r e n g t h s ,  
and t h e  FORTRAN p r o g r a m s  t h a t  u se  t h e s e  t r a n s i t i o n  s t r e n g t h s  
t o  g e n e r a t e  t h e  c r o s s  s e c t i o n  c u r v e s  f o r  a l l  a n g u l a r  
momentum s t a t e s  up t o  n=7 a s  a f u n c t i o n  o f  e n e r g y .
The f i r s t  g r o u p  o f  REDUCE2 p r o c e d u r e s  w i l l  g e n e r a t e  t h e  
d i p o l e  and q u a d r u p o l e  m a t r i x  e l e m e n t s .  The p r ogr am 
XMAT(n, l )  ( a l s o  t h e  command t o  e x e c u t e  t h e  p r o g r a m)  r e t u r n s  
t h e  d i p o l e  m a t r i x  e l e m e n t s  f o r  bound  f r e e  t r a n s i t i o n s  when 
t h e  bound  s t a t e  i s  d e s c r i b e d  by t h e  q u a n t u m  numbe rs  n and 1 .  
The p r o g r a m  Q MA T( n , l ) ,  when e x e c u t e d ,  w i l l  r e t u r n  t h e  
q u a d r u p o l e  m a t r i x  e l e m e n t s  f o r  b o u n d - f r e e  t r a n s i t i o n s  f o r  
bound s t a t e s  d e s c r i b e d  by t h e  q u an t um n u m b e r s  n and 1 .
The s e c o n d  g r o u p  o f  REDUCE2 p r o c e d u r e s  w i l l  g e n e r a t e  
t h e  d i p o l e  and q u a d r u p o l e  t r a n s i t i o n  s t r e n g t h s .  The p r o g r a m  
NEQN(n) r e t u r n s  t h e  d i p o l e  t r a n s i t i o n  s t r e n g t h s  f o r  a l l  
a n g u l a r  momentum s t a t e s  o f  t h e  q u an t um number  n .  The 
p r o g r a m  QNEQN(n) w i l l  g e n e r a t e  t h e  q u a d r u p o l e  t r a n s i t i o n  
s t r e n g t h s  f o r  a l l  a n g u l a r  momentum s t a t e s  o f  t h e  bound 
qua n t um s t a t e  n .
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The l a s t  two p r o g r a m s  a r e  FORTRAN p r o g r a m s .  They 
c o n t a i n  t h e  f o r m u l a s  f o r  t h e  d i p o l e  and q u a d r u p o l e  
t r a n s i t i o n  s t r e n g t h s  f o r  a l l  bound s t a t e s  up t o  n=7 and 1=6.  
When e x e c u t e d ,  t h e y  b u i l d  d a t a  f i l e s  f o r  t h e  p a r t i a l  c r o s s  
s e c t i o n s .
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N tsN lN X T !
Q :* 1 I
L 2 : L P : * L * 2 !
X 7 :*N a 10000*La 1 00 *LP ! 
WRITE X 7 ,"  CONTINUE";
OFF EXP;
WRITE Y 1 :*M 0 N E (N ,L ,X ,L P ,Q );
WRITE Y 2 :tM T W O (N ,L ,X ,LP ,Q );
ON EXP;
WRITE Y 3:« H TH R E E (N ,L ,X ,LP ,Q ); 
WRITE" CO TO 2 0 " ;
LP :«L$
IF  L *0  THEN CO TO L 3 ;
X 7 :*N a100 00 *L a1 00 *LP |
WRITE X 7 ,"  CONTINUE";
OFF EXP;
WRITE Y 1:*H O N E (N ,L ,X ,L P t Q>;
WRITE Y 2 :« H T W 0 (N ,L ,X ,L P ,Q );
ON EXP;
WRITE Y 3 :*H T H R E E {N ,L ,X ,L P ,Q ); 
WRITE" GO TO 3 5 " ;
IF  L t l  THEN GO TO L3{
L P :« L -2 !  
X 7:«N a 10000»La 1 0 0 *L P I 
WRITE X7»" CONTINUE";
OFF EXP;
WRITE Y 1 :« H 0 N E (N ,L ,X ,L P ,Q );
WRITE Y2:>HTW0<N( L ,X ,L P ,Q ) ;
ON EXP;
WRITE Y 3 :*H T H R E E (H ,L ,X ,L P ,Q ); 
WRITE" GO TO 6 0 " ;
L 3 : END;
COMMENT PROCEDURES TO GENERATE THE TRANSITION STRENGTHS FORI 
COMMENT THE DIPOLE AND QUADRUPOLE CASES! e„ PlirUTC.
COMMENT NEON(N) RETURNS ALL DIPOLE TRANSITION STRENGHTSI 
COMMENT FOR A GIVEN H WHILE QNSQN(N) RETURNS ALL QUADRUPOLE! 
COHMEKT TRANSITION STRENGTHS FOR A GIVEN N !
COMMENT !
COMMENT FAC(H) RETURNS THE FACTORIAL OF N l 
INTEGER PROCEDURE FA C (K );
BEGIN INTEGER H !
H : « 1 I
L 1: IF  NsO THEN RETURN H;
M :sM *N !
N :* N -1 !
GO TO L1 
END; — •
COMMENT I
COMMENT PROCEDURE FOR THE SUM ON P I 
PROCEDURE S U H M P (N ,L ,X ,L P 'P );
BEGIN SCALAR TK K,TK ,A 1t A ;
SUMPH:*0!H:a1$
L i :  HM 1:aM -1!
PHM: «P~M|
T K K :« l-L P aX-KKaX I
T K :*» I» L P aX -K aX |
A : * ( ( I * N aX ) aaPMH) a( { I  - l l aX ) aaMH 1 ) /FAC( PHM)/FAC{MM 1)$
IF  PMM<1 THEN GO TO L2$
A 1 : *FOR J J : d : PHM PRODUCT<SUB(KK*JJ.TKK))|A:rA*A1$
L 2 : IF  MMK1 THEN GO TO L3S
A 1:*F0R  J :«1 :H H 1  PRO DUCT(SUB(K*J,TK))|
A :s A *A 1 |
L 3 : SUMPM: sSUHPM^A!
IF  M«P THEN RETURN SUMPH;
GO TO L I
END;
COMMENT I
COMMENT PROCEDURE FOR THE SUM ON J |
PROCEDURE SUHJ(Nt L ,X ,L P ,Q ) ;
BEGIN SCALAR NNP,TNP,REXPR, TERM,A1;
jsufw «oi
N N P :c (1 *X *X *N *N )|
PPJ:sQ +N -LP+2!
NMLM1: »N -L -1$
R E X P R :« (N *L -II ) » ( N - L - 1 - I I ) |
J :» 0 *
L I :  P :s P P J -J !
TERH:«2aa( . J ) a <Xaa(J -N -1 -Q *L P )> aU aaJ ) a (NNPaaJ )*F A C (P -1 > ! 
TERH:«TERM/FAC(J)!
A1:«F0R J J :« 0 : ( J ~ 1 )  PRODUCT(SU8(II*JJ,REXPR) ) |  
TERH:aTERMaA1aSUMMP(N,L,Xt L P ,P ) !
JSUMJ:»JSUMJ+TERHS 
IF  JaNHLMI THEN RETURN JSUMJ;
J : a J * 1 |
GO TO L I
END;
COMMENT !
COMMENT THE FOLLOWING THREE PROCEDURES ARE EACH PART!
COMMENT OF THE TOTAL TRANSITION STRENGTH!
COMMENT THEY ARE EACH CALLED BY NEQN AND QNEQN!
COMMENT WHICH GENERATE ALL MATRIX ELEMENTS FOR DIPOLE!
COMMENT AND QUADRUPOLE CASES RESPECTIVELY!
PROCEOURE SQ H O N E(N ,L,X ,LP ,Q );
BEGIN SCALAR J J J ;
Z : * 1 !
NNP:«1*NaHMX *X I 
OFF EXP;
X 1 :a 2 Ba( 2 #(L P +N *1 ) ) aNaa( 2 a (Q * L P * 2 ) ) / ( Z aa ( 2 a(Q + 2 )) )/N N P aa( 2 a (Q *N *2 )) !  
X 1 :a X 1 /F A C (N « L )/F A C (N -L -1 );
RETURN X I;
END;
PROCEDURE SQM TW O (N,L,X,LP 'Q);
BEGIN SCALAR J J J ;
Z : « U
SN P:*Saa2 aXaX * 1 |
OFF EXP;
X2:a(FOR S S :« 1 :L P  PRODUCT(SUB<SaSS#SNP)) ) ;
RETURN X2;
END;
PROCEDURE SQM THREE(N ,L iX ,LP ,Q );




















J J J jsS U H J(N .L ,X ,L P ,Q > *




COMMENT PROCEDURE FOR GENERATION OF THE DIPOLE TRANSITION STRENGTHS} 
PROCEDURE NEQ N(NINIT);
BEGIN INTEGER N ,L ,L P ,Y 7 ;
Q: x0$
N:«N1NITJ
L : * H IN IT - U
L 2 : L P :a L *1 $
Y7:aNMQOOO*LMOO*LP$
WRITE ¥ 7 , "  CONTINUE";
OFF EXP;
WRITE Y1: *SQHONE(N, L ,X ,L P ,Q ) ;
WRITE ¥2:»SQ M TW O (N,L,X ,LP ,Q );
ON EXPr~“ "~
WRITE Y3:»SQHTHREE(N,L,Xt LP.Q >;
WRI TE"  GO TO 2 0 " ;
IF  L«0 THEN GO TO L3;
L P : « L - 1 $
¥ 7 : *N * 1 0000*L*100*LP $
WRITE Y 7 » "  C O N T IN U E" ;
OFF EXP;
WRITE YI:sSQHONE(Ht L ,X ,L P ,Q ) ;
WRITE Y2:sSQHTW0(Nt L t X ,L P ,Q );
ON EXP;
WRITE Y 3:«SQ HTH REE(N ,L,X ,LP ,Q );
WRITE" GO TO 6 0 " ;
L : i L - 1 $
GO TO L 2 ;
L 3 : END;
COMMENT 1
COMMENT PROCEDURE FOR GENERATION OF QUADRUPOLE TRANSITION STRENGTHS » 
PROCEDURE QHEQN(NINIT);
BEGIN INTEGER N ,L ,L P ,X 7 ;
Q :*1 $
H : c N I N I T S  
L : « N I N I T - 1 *
L 2 : L P :s L *2 $
X7:«N *10000+L»100*LP »
WRITE X 7 ,"  CONTINUE";
OFF EXP;
WRITE ¥1:*SQH0NE(Nt L ,X ,L P ,Q ) ;
WRITE ¥2:*SQHTW0(Nf L t X ,L P ,Q );
ON EXP;
WRITE Y 3:*S Q H TH R E E (N ,L ,X ,LP ,Q );
WRITE" GO TO 2 0 " ;
LP:aLS  
IF  LxQ THEN GO TO L3 ;
X 7:*N *1 0Q 0 0*L *10 0 *LP J 
WRITE X 7 ,"  CONTINUE";
OFF EXP;
WRITE ¥1 :*S Q M 0N E (N ,L ,X ,L P ,Q );
WRITE ¥2:sSQHTW0(Nf L f X ,LP ,Q > ;
ON EXP;
WRITE Y 3:«SQ M THREE(N ,L,X ,LP ,Q );
WRITE" GO TO 3 5 ";
IF  L s 1 THEN GO TO LN;
L P :*L -2 J  
X7: aN^IOOOO-^L1 TOO+LPi 
WRITE X 7 ," CONTINUE";
OFF EXP;
WRITE ¥ 1 :«SQ M O NE(N ,L,X,LP ,Q ); 
WRITE Y2:*SQHTWO(N,Lt X ,L P iQ > ;
ON EXP;
WRITE Y3:«SQHTHREE(Nt L ,X ,L P ,Q ) ;  
WRITE" GO TO 6 0 " ;
L«:
GO TO L 2 ;
L 3 : END;
it I
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APPENDIX D
THE SERIES REPRESENTATION OF THE DERIVATIVE 
IN THE RESIDUE
( p - 1 )  -  i n ' - 1 ' -  1 i n ' - 1 ' - 1
_ d   ( I + 1 / 2 )  ( £ -  1 / 2 )
( p - 1  )
d *
( D — 1 )
l e t  n = p - 1 ,  =x ,  y= (  ̂ + 1 / 2 ) ,  z= ( 3;- 1 / 2 ) ,  a = - i n ’ - l ' - 1
and b = i n ' - l ' - 1  t h e n  we c a n  w r i t e  e q u a t i o n  ( D - 1 ) a s
n a b
d  y z
n
dx
n m a n-m b
= X n! d y d z
ra=0 m n-m
(n-m) !m!  dx dx
( D - 2 )
The d e r i v a t i v e s  c a n  a l s o  be  w r i t t e n  i n  a s e r i e s  f o r m [ 5 0 ]
m a m a-m
d y = □  ( a - k )  y
m k=0
dx
s u b s t i t u t i n g  t h i s  and a s i m i l a r  s e r i e s  f o r  t h e  ( n - m ) t h  
d e r i v a t i v e  o f  z i n t o  e q u a t i o n  ( D - 2 )  y i e l d s
n a-m b -n+m m n-m
X n! y z n  ( a - k )  H ( b - k k )
m=0 ( n - m) !m!  k=0 kk=0
i d e n t i f y i n g  y ,  z ,  a ,  and n a l o n g  w i t h  l e t t i n g  m->m+1 y i e l d s
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p-1 - i n ’ - l ' - m  i n ' - l '
I  ( p - 1 ) !  ( 1+ 1 / 2 )  ( ^ - 1 / 2 )
m=1 ( p - r a ) ! ( r a - 1 )!
m - 1 p-m
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c a l c u l a t i o n s  o f  F r a n k - C o n d o n  F a c t o r s  and R - C e n t r o i d s  f o r  
d i a t o m i c  m o l e c u l e s .  She r e m a i n e d  a t  Old Domini on  U n i v e r s i t y  
t o  e n t e r  t h e  Ph . D.  p r o g r a m  i n  A p p l i e d  P h y s i c s  u n d e r  t h e  
s u p e r v i s i o n  o f  D r .  Gary  E. C o p e l a n d .  She was s u p p o r t e d  
m a i n l y  by  a s s i s t a n t s h i p s  and f e l l o w s h i p s ,  and h e l d  t h e  
p o s i t i o n  o f  p a r t  t i m e  i n s t r u c t o r ,  a t  A d e l p h i  U n i v e r s i t y ,  f o r  
two s u m m e r s .  She i s  s c h e d u l e d  t o  g r a d u a t e  i n  May 1984,  w i t h  
a t h e s i s  on t h e  p a r t i a l  c r o s s  s e c t i o n s  f o r  r a d i a t i v e l y  
r e c o m b i n i n g  e l e c t r o n s  and p r o t o n s .
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